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Can in situ measurements of mantle electrical conductivity be used
to infer properties of partial melts?
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[1] Constraints on bulk conductivity from magnetotelluric measurements and petrological
analyses of late Quaternary peridotite xenoliths from the southern Sierra Nevada allow
evaluation of models commonly used to relate electrical conductivity to the physical and
chemical state of the upper mantle. In these models, two conductive melts (basalt and
sulfide) are embedded in a resistive matrix. Bounds on the amount of sulfide (0.06—0.4%)
and the bulk conductivity (0.03—0.1 S/m) place constraints on the degree of
interconnection between the melts. Because the sulfide melt is very conductive, even a
small fraction of well-connected melt results in a bulk conductivity larger than 0.1 S/m.
Similarly, completely disconnected melts result in bulk conductivities much less than 0.03
S/m. The only models which matched both the bulk conductivity and sulfide bounds
consisted of a small fraction (<1%) interconnected basalt melt with a discontinuous sulfide
phase. Such a texture is observed in laboratory experiments with much larger sulfide melt

fractions, but has not been reported for small melt fractions. A variant of the Hashin-
Shtrikman model and a hybrid model consisting of cascaded Hashin-Shtrikman
calculations were successful in matching the magnetotelluric and petrologic constraints.
With a model that appropriately simulates the melt interconnectivity, we suggest that

electrical conductivity may be used to infer in situ melt properties in the mantle.
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1. Introduction

[2] Magnetotelluric (MT) studies are designed to provide
a cross section and/or map of the variations of electrical
conductivity within the crust and mantle [Vozoff, 1991].
Then, this distribution of conductivity is interpreted in its
geologic context. Because the causes of electrical conduc-
tivity in the earth are many, some outside constraints are
needed in order for the interpretation to be useful. A
conductivity of 0.1 S/m (or alternatively, a resistivity of
10 ohm m) may be due to ions in groundwater in the
shallowest 100 m, fractions of a percent of brine at depths of
10-20 km, or partial melt in the mantle at 40—70 km.
Electrical conductivities of greater than 0.01 S/m in the
lithosphere result from inclusion of a small fraction of a
very conductive, interconnected phase, whether that phase
is brine, partial melt, graphite, or metallic minerals. Inter-
pretations of MT data often involve quantitative estimates of
this small fraction using models of how that phase is
connected [e.g., Waff, 1974; Mareschal et al., 1995]. The
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models almost always involve a mix of two phases, a very
conductive minor volume fraction and a resistive major
volume fraction.

[3] Ducea and Park [2000] report mantle xenoliths from
the Sierra Nevada that contained metallic sulfide grains
and remnants of silicate melt along grain boundaries. They
argue that the mantle contains both silicate and sulfide
melts, based on the pressure and temperatures inferred
from the xenoliths. The mantle thus has two conducting
phases within a resistive matrix, a situation for which only
a few models are applicable. Ducea and Park [2000]
present a model wherein an equivalent melt created from
the silicate and sulfide melts is embedded in a solid matrix
and then conclude that the sulfide melt cannot form an
interconnected phase. However, this result is not based on
any accepted models that predict bulk conductivity from
constituents.

[4] Here, we extend Ducea and Park’s [2000] work by
showing that several accepted models matching the min-
eralogical, bulk conductivity, pressure, and temperature
constraints also predict that the sulfide melt cannot be
interconnected. We show that this prediction from models
of the MT-derived conductivity is consistent with experi-
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Table 1. Constraints on the Upper Mantle

Property Value
Pressure 1.3-2.3 GPa
Temperature 1180-1220°C
Sulfide content <0.4%

Basalt melt <2%

mental data on sulfide melts in mantle rocks. Finally, we
conclude that MT data can be used to infer the connectivity
of melts if xenolith data are available to constrain the mantle
composition.

2. Constraints on Upper Mantle Conditions
Beneath the Sierra Nevada

[s] All of the models examined here must satisfy con-
straints from MT and xenolith data; namely, they must yield
a bulk conductivity of 0.03—0.1 S/m for partially melted
mantle rocks containing metallic sulfide at a temperature of
~1200°C and a pressure of <1.8 GPa (Table 1). Sensitivity
analyses of MT soundings in the southern Sierra Nevada
show that conductivities at depths of 40—70 km that are
larger than 0.1 S/m or smaller than 0.03 S/m produce
unacceptably large misfits to the data [Park et al., 1996].
Because Moho is only ~35 km deep beneath the southern
Sierra Nevada [Wernicke et al., 1996; Ruppert et al., 1998],
these conductivities must lie in the mantle. This region must
contain partial melt; high electrical conductivities [Park et
al., 1996] and low seismic velocities [Jones et al., 1994] are
found here. The composition of the modern mantle must be
peridotitic because Ducea and Saleeby [1996] document
Quaternary peridotitic xenoliths from the eastern Sierra
Nevada that equilibrated at temperatures of 1180—1220°C
and pressures of 1.2—1.8 GPa (Figure 1). Additionally,
Moore and Dodge [1980] and Dodge and Moore [1981]
report late Quaternary xenolith-bearing basalts in the eastern
Sierra Nevada region as young as a few thousand years old.
Thus several lines of evidence indicate partial melt beneath
the southern Sierra Nevada. This region of partial melt is
inferred to be asthenosphere replacing lithosphere that
delaminated since the Pliocene [Ducea and Saleeby, 1998;
Lee et al., 2000, 2001]. This delamination led to dramatic
changes in the sub-Sierran mantle, as indicated by compar-
ison of Miocene, Pliocene, and late Quaternary xenoliths
[Ducea and Saleeby, 1998] and of the Miocene and Plio-
cene basalts [Farmer et al., 2002]. Because the MT method
looks only at the modern conditions, we have limited our
discussion to the late Quaternary xenoliths.

[6] While an early model attributes the bulk conductivity
solely to 2—5% basalt melt [Park et al., 1996], Ducea and
Park [2000] outline objections to this high a volume of
partial melt. First, the basalt flows observed at the surface are
volumetrically too minor to account for this much partial
melt. Given the amount of late Cenozoic extension in the
region [Snow and Wernicke, 1998], it is unlikely that the crust
acted as a cap to prevent partial melt escaping to the surface.
Second, seismic data shows no evidence of basalt under-
plating [Ruppert et al., 1998]. Third, petrological modeling
using MELTS [Ghiorso and Sack, 1995] with the observed
xenolith compositions indicate only 1-2% partial melting
(Figure 2). Such a small amount of melt cannot account for
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Figure 1. Equilibration pressures and temperatures for

xenoliths (modified from Ducea and Saleeby [1996]).
Spinel-bearing xenoliths (squares) and spinel- and plagio-
clase-bearing xenoliths (filled circles) from the Big Pine
Volcanic Field (BPVF) are shown. Note how Pliocene and
Quaternary xenoliths exhibit much higher temperatures,
which fall above the MSS solidus range (MSS solidi) and
extend into the peridotite solidi.

the observed mantle conductivities, leading Ducea and Park
[2000] to look for other causes and to discover 0.06—0.4%
sulfides in the Quaternary xenoliths. A small amount of
sulfide could reduce the volume of basalt needed to less than
1% [Ducea and Park, 2000]. The monosulfide series begins
melting at temperatures above 1150°C for a pressure of
1 GPa and 1200°C at a pressure of 2.0 GPa [Lorand and
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Figure 2. Melt fractions (F) as a function of temperature
for a peridotite (spinel lherzolite) using the MELTS
algorithm [Ghiorso and Sack, 1995]. The calculation was
performed at a pressure of 1 GPa assuming batch melting.
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Congquere, 1983], so its coexistence with basalt melt (which
melts at higher temperatures) is expected (Figure 1).

3. Coexistence of Basalt and Sulfide Melts

[7] Sulfides are clearly found in the xenoliths now, but do
they indicate a separate melt phase in the mantle? They
could be remnants of a separate melt or could result from
exsolution from the basalt melt during ascent. If a separate
interconnected sulfide melt exists, then its effect on the bulk
conductivity could be profound. If the sulfur is simply
dissolved in the basalt melt, then the sulfide contribution
to bulk conductivity should be negligible. Ducea and Park
[2000] assumed that the sulfides formed a distinct phase in
the mantle because the sulfide grains were seen in the
xenoliths; here, we examine this assumption and show that
the sulfides likely formed from a separate melt.

[8] Sulfides in mantle rocks have only recently been
intensely studied because they affect the behavior of the
commonly used Os isotopic system [Pearson et al., 2002].
They might also offer clues on the early Earth mechanisms
of accretion [e.g., Alard et al., 2000]. The composition of
mantle sulfides falls within the framework of a monosulfide
solution of Fe, Cu and Ni (MSS); MSS exsolves at low
temperatures during cooling of the mantle samples into
pyrrhotite, chalcopyrite, and pentlandite. While sulfide
content is hard to estimate by standard techniques such as
point counting due to low concentrations, the average
sulfide content in peridotites does not exceed 0.03—0.1%
by volume [Lorand, 1990]. Western United States mantle
peridotites have generally higher amounts of sulfides
(~0.08%) compared to European peridotite massifs [Lor-
and, 1989], mantle xenoliths from central and eastern
Europe [Lorand, 1990; Szabo and Bodnar, 1995], Australia
[Handler and Bennett, 1999], and China [Guo et al., 1999].
Bulk rock measurements indicate that sulfur concentrations
in continental upper mantle assemblages are about 200—350
ppm [Lorand, 1990]. Modal analyses of thirty xenoliths
from the eastern Sierra Nevada conducted for this study
indicate sulfide concentrations of 0.06—0.4% by volume,
with and average of 0.09% by volume in peridotites
(equivalent of S ~ 300 ppm sulfur concentration), within
the range of previously estimated sulfide concentrations in
the shallow mantle beneath the western United States
[Dromgoole and Pasteris, 1987; Wilson et al., 1996] and
also within the range, but at the higher end of sulfur
concentrations worldwide. We observe no correlation
between textural types of peridotites or fertility of perido-
tites (i.e., modal concentration of clinopyroxene) and the
amount of sulfides present in the Sierran peridotites.

[o] Studies of MSS mantle sulfides indicate that most
likely they represent the quenched products of sulfide melts.
MSS melt slightly below 1100°C at 1 GPa [Ryzenkho and
Kennedy, 1973]; it is therefore expected that if sulfides were
present within a hot shallow mantle assemblage such as the
one preserved in xenoliths from the eastern Sierra Nevada-
western Basin and Range, they will be molten (Figure 1). In
comparison, a cold geotherm characteristic for Archean
cratons will not cross the MSS solidus within the upper
200 km. Sulfides are expected to be molten throughout
much of the shallow mantle of the Basin and Range
province, given the high equilibration temperatures of spinel
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Figure 3. Estimated fraction of immiscible sulfide melt
assuming batch melting, sulfur-silicate melt partition
coefficients of 0.05-0.1, initial solid mantle sulfur concen-
trations of 200—400 ppm, and S solubilities of 1000—
1500 ppm [see also Keays, 1995]. Kd, the sulfur partition
coefficient, is the ratio of the sulfur concentration in the
residual solid mantle to the sulfur concentration in the melt.
While this partition coefficient is not well established (see
summary at http://www.EarthRef.org/GERM), it is generally
accepted that sulfur is an incompatible element during
mantle melting [e.g., Lorand, 1990]. We use Kd = 0.05 and
0.1 for modeling here.

peridotites (see Smith [2000] for a regional review of
peridotite thermometry).

[10] The sulfide melts could have formed in one of three
ways: (1) independently of any other melt as immiscible
fluids due to the overall heating of the extending Basin and
Range; (2) as immiscible liquids formed at sulfur saturation
in silicate melts [e.g., Dromgoole and Pasteris, 1987]; or (3)
in conjunction with a CO, gas-rich phase [Shaw, 1997]. The
second explanation is thought to be the most common
process responsible for the generation of sulfides with
textural appearance of former melts, which is commonly
observed in upper mantle xenoliths.

[11] A plausible mechanism capable of generating new
sulfide in a hot, asthenospheric-like shallow mantle like the
one beneath the eastern Sierra Nevada region is liquid
immiscibility. Silicate liquids either generated in situ or
traveling from greater depths to the mantle represented by
the xenoliths can exsolve sulfide melts. The silicate-sulfide
liquid immiscibility has been well documented at both low
and high pressures in basalt systems [Naldrett, 1989]. If the
amount of sulfur present in the magma exceeds the sol-
ubility, it will form a second immiscible liquid phase whose
composition is of a typical MSS [Fleet and Pan, 1994]. The
solubility of sulfur in basalt liquids at 1.0—1.5 GPa is about
1000—-15000 ppm [Mavrogenes and O’Neill, 1999]. Immis-
cible sulfide melt fractions of 0.2—1.4 wt % are predicted to
coexist with basalt melts at 1.0—1.5 GPa and low (<5%)
melt fractions (Figure 3). The ratio of sulfide to silicate melt
depends on the silicate melt fraction: the lower the silicate
melt fraction, the higher the sulfide/silicate ratio. If the
presence of sulfide melt can increase the electrical conduc-
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tivity of partially molten mantle, that effect is expected only
for lower silicate melt fractions.

[12] Silicate melts typically escape their mantle source
regions, even at low melt fraction because of their mobility.
In contrast, it is commonly assumed that sulfide melts
remain in the mantle [e.g., Dromgoole and Pasteris,
1987] due to their high density (3.8—4 g/cm®) for molten
MSS [Kaiura and Toguri, 1979]. Clearly, this must be true
to some extent; the sulfides seen in peridotite xenoliths from
the eastern Sierra Nevada show textural evidence that they
were once molten and quenched within the peridotite
framework. The corresponding silicate melt is rarely seen
as glass inclusions. However, the dynamic details of this
complex multiphase solid-melt system are unknown and we
suspect that some sulfide mobility at meter to kilometer
scale as melt is very plausible.

[13] Immiscible sulfide melts likely formed in the shallow
sub-Sierran mantle and that those melts have likely
remained there since formation. However, the connectivity
within and between the silicate and sulfide melts affects
their influence on bulk conductivity. Holzheid et al. [2000]
observe dihedral angles between sulfide and silicate melts of
greater than 60° and of 60—125° between sulfide melts and
olivine at pressures of 1.5 GPa and temperatures of 1370—
1410°C, but these experiments were done with much larger
percentages (~35%) of sulfide melt. Dihedral angles greater
than 60° imply disconnected melts, and sulfide melts are
observed to form pockets on the surfaces of the olivine
matrix, while the basalt melt forms an interconnected phase.
However, Gaetani and Grove [1999] show that dihedral
angles can be reduced to slightly less than 60° by dissolving
up to 10 wt % oxygen in sulfide melt at 0.1 KPa pressure
and a temperature of 1350°C. Reduction of the dihedral
angle could permit sulfide melt interconnection, but Mina-
rek et al. [1996] shows that pressure increases the angle to
as high as 90° for the same temperatures and dissolved
oxygen. Because Gaetani and Grove [1999] were only able
to reduce the dihedral angle to slightly less than 60° at 0.1
KPa, we suggest that our sulfide melts at 1 GPa will not
form an interconnected network.

4. Component Conductivities

[14] We wish to compute bulk conductivities from mixes
of sulfide melt, basalt melt, and peridotite matrix, but need
the conductivities of the components to do this. Conductiv-
ities of the basalt melt and peridotite matrix can generally be
estimated from previous laboratory experiments. The largest
uncertainty comes from the conductivity of the sulfide melt,
which has never been measured. Duba et al. [1994] have
measurements of 10°~10° S/m for solid sulfide; Olhoeft
[1981] has similar values for chalcocite, chalcopyrite,
pyrite, and pyrrhotite. While we anticipate that the melt is
at least as conductive as the solid because of the greater
ionic mobility in a fluid, we choose a conservative value of
10* S/m for the melt.

[15] Conductivities of the basalt melt can vary with
composition, temperature, and oxygen fugacity. Roberts
and Tyburczy [1999] show that the conductivity can vary
by as much as an order of magnitude, from 1 S/m at 1150°C
to 10 S/m at 1250°C. Direct measurement of melt conduc-
tivity is difficult and rarely done. Instead, measurements of
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Table 2. Thermodynamic Parameters for Matrix Minerals

Mineral 09, S/m E,or E,, eV E,, eV
ol 1.60 4.25
opx 5248 1.80
cpx 1778 1.87

bulk conductivity on partially melted samples are made and
then models such as the ones discussed here are used to
determine melt conductivity. In an alternate approach,
Roberts and Tyburczy [1999] use an equilibrium melt
fraction program (MELTS) by Ghiorso and Sack [1995]
to predict melt fraction and then estimate melt conductivity
from this predicted fraction and measurements of bulk
conductivity using an upper bound model from Hashin
and Shtrikman [1962]. (The Hashin-Shtrikman (HS) upper
bound model is presented in the next section.) They
compute values of 0.65—0.98 S/m for temperatures com-
parable to ours, but conclude that their values were lower
than true values by approximately a factor of 3 because of
partial melt disconnection. Park et al. [1996] and Ducea
and Park [2000] use Shankland and Waff’s [1977] equation
for basalt melt conductivity:

Omett = 00 exp(—E,/kT), (1)

where E, = 1.15 eV, oy = 18,400 S/m, k is the Boltzmann
constant, and T is absolute temperature in K. Equation (1)
predicts values of 1.55 S/m at 1150°C to 2.86 S/m at
1250°C, which are consistent with those from Roberts and
Tyburczy [1999]. Although Tyburczy and Waff [1983]
determined values of £, = 1.53 eV and o4 = 215,000 S/m
for tholeiitic melt, equation (1) with these parameters
predicts values of 0.80—1.85 S/m for melt between 1150—
1250°C. Because Shankland and Waff’s parameters are
closer to what Roberts and Tyburczy’s more recent study
predicts, we use their values in our models (Table 2). Use of
a higher conductivity for the basalt melt fraction will
decrease the melt fractions needed to produce a given bulk
conductivity, so the melt fractions we calculate will be
minimum values. In all measurements, the basalt melt
conductivity varies by a factor of ~2 over the temperature
range in Table 1.

[16] We estimate the conductivity of the solid matrix
from its composition, pressure, and temperature. Ducea
and Park [2000] use solid olivine as a matrix, following
the observations that lherzolite conductivity can be mod-
eled with that of olivine [Constable and Duba, 1990].
However, Xu et al. [2000] show that both orthopyroxene
(opx) and clinopyroxene (cpx) are more conductive than
olivine at depths in excess of 200 km. They calculate the
bulk conductivity for a pyrolite (60% olivine, 25% opx,
and 15% cpx) using the HS upper bound model, and
conclude that the conductivities match the observations
well. We will also use the HS upper bound for comput-
ing the bulk conductivity of the matrix, but alter the
percentages of minerals based on analyses of late Quater-
nary peridotite xenoliths (Table 3). Note that these
analyses are very similar to that of a standard pyrolite
model (Table 3) and we assume that metasomatism of the
modern asthenosphere is not a factor here. At 1 GPa and
temperatures of 1050—1200°C with the pyrolite compo-
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Table 3. Xenolith Compositions®

14 -5

Harzburgite Lherzolite Harzburgite Lherzolite Peridotite Pyrolite
SiO, 40.94 44.78 41.13 44.30 45.00 46.31
Na,O 0.61 0.56 0.77 0.16 0.49 0.63
MgO 36.78 35.38 33.92 40.50 36.40 38.50
AL O3 4.49 4.06 4.45 2.74 3.20 4.61
P,0s 0.01 0.01 0.02 0.05 0.01 0.00
K,0 0.01 0.01 0.08 0.03 0.07 0.00
CaO 2.69 3.30 5.24 2.12 4.40 3.72
TiO, 0.31 0.21 0.93 0.04 0.25 0.21
MnO 0.16 0.16 0.18 0.15 0.12 0.14
FeO(total) 13.12 10.64 12.94 9.25 9.50 5.82
Total 99.12 99.11 96.66 9.34 99.44 99.94

*Compositions in wt %.

sition in Table 3, MELTS [Ghiorso and Sack, 1995] predicts
that the matrix consists of 54—55% olivine, 26—27% opx,
16—17% cpx, and 1.5% spinel. For our calculation, we use a
model of 55% olivine, 27% opx, and 18% cpx under the
assumption that the minor fraction of spinel contributes
negligibly.

[17] The conductivity of the olivine fraction is calculated
using the SO2 model [Constable et al., 1992]:

Oolivine = 102‘4 exp(_Eal/kT) + 109.17 exp(_EaZ/kT)> (2)
where E,; and E,, are given in Table 2. The temperature-
dependent conductivity of opx and cpx is modeled using

3)

with parameters (Table 2) from Xu et al. [2000]. Calcula-
tions of the effective conductivity of the pyrolite (HS+)
shows that this matrix is approximately 1.6 times more
conductive than olivine (Figure 4) and matches the
lherzolite measurements of Constable and Duba [1990].
Given that matrix conductivities of 0.0005—-0.003 S/m are
so much lower than conductivities of either the basalt or
sulfide melts, we conclude that uncertainties in the matrix
conductivity will have a negligible effect on the bulk
conductivity.

Osolid = 00 eXp[—E,/kT],

5. Models and Melt Connectivity

[18] We next consider how to combine the component
conductivities into a bulk value for the mantle. Many
models have been used to predict laboratory measurements
of bulk conductivity from rock composition and state; we
consider only the most common ones here that can be
generalized to multiple phases and include an equivalent
medium model that we have derived. For the purposes of
calculations, we will use fractions of sulfide from 0.01 to
10% and fractions of basalt melt from 0.01 to 10%. Below
0.01%, it is unclear whether melts will form an intercon-
nected network. Above 10%, most models predict too high
a bulk conductivity.

5.1. Series and Parallel Models
[19] Series and parallel models [e.g., Waff, 1974; Roberts
and Tyburczy, 1999] are the simplest models used and

formulae for these can be found in introductory physics
texts [e.g., Halliday et al., 1997]. If N different phases with

volume fraction f; and conductivity o; are combined in
series, then the effective conductivity (o.g) of the rock is

Uefle/i:g.
i=1 !

The parallel model assumes the phases are connected in
parallel:

4)

n

Oeff = Zﬁ0i~

i=1

(5)

The parallel model might seem more appropriate for an
interconnected melt fraction within a matrix because both
phases can conduct current in parallel, but the rock may
contain paths in which current must flow across the matrix
between two sections of melt (i.e., series connection). Thus
a geometric mean of equations (4) and (5) is often used to
simulate this mix of series and parallel connections
[Madden, 1976].

[20] The series model of our system underestimates the
bulk conductivity, while the parallel model overestimates it

-2

lherzolite

1
(98]

Logl0(c, S/m)

_4 T T T T T T T

1050 1125 1200 1275
T,°C

Figure 4. Matrix conductivity (pyrolite line) predicted
from the HS upper bound using parameters from Xu et al.
[2000]. Symbols show conductivities of components
orthopyroxene (opx, solid circles), olivine (ol, open circles),
and lherzolite (crosses). Note that the pyrolite model is more
conductive than olivine and matches the lherzolite well.
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Figure 5. Series, parallel, and geometric mean models for
basalt, sulfide, and matrix mix at a pressure of 2.3 GPa and
temperature of 1200°C. Only the geometric mean passes
through the through the region with bulk conductivity
between 0.03 and 0.1 S/m (shown by white surfaces). The
range of permissible values of bulk conductivity is shown
by the white lines on the scale.

(Figure 5). The bulk conductivity in the series model, from
0.0013 to 0.0016 S/m, is dominated by the resistive matrix.
The bulk conductivity in the parallel model, from 1 to 1000
S/m, is dominated by the highly conductive sulfide melt. In
both cases, the basalt melt contributes little to the bulk
response. The geometric mean results in values that fall
within the permissible range of bulk conductivities, how-
ever (Figure 5). While this mean is viable model, it requires
0.01-0.07% sulfide melt and is relatively insensitive to the
amount of basalt melt (Figure 6). The geometric mean is
still dominated by its most conductive phase, the sulfide
melt. This range of sulfide melt is also low compared to the
range of sulfides observed (Table 1).

5.2. Hashin-Shtrikman Bounds

[21] One of the most widely used models is that of Hashin
and Shtrikman [1962]. The HS model is one of the few
calculations that explicitly includes multiple phases and is
based on absolute upper and lower bounds on the electro-
static energy of the composite medium. The lower bound of
effective conductivity of a system consisting of phases o; <
0, <03 ... <o, with volume fractions f, f5, f3, .., f, 1S

Amin

1 - Amin/(3cmin) ’ (6)

Oeff HS— = Omin +

where o, (=0;) is the minimum conductivity in o; and
[Hashin and Shtrikman, 1962]

Amin = i ﬁ . (7)

i=2 [(Ui - 0min)ilJF(30min)
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The upper bound is given by

Amax

1 7Ama\x/(30—max) ' (8)

Oeff HS+ = Omax T

where 0. (=0, is the maximum conductivity in o; and

n—1 8
Amax = Z fl 11 (9)

i=1 [(Gi — Gmax)71+(30‘mm{)

Hashin and Shtrikman [1962] showed that for two phases,
these equations reduce to those for a composite sphere with
an outer shell of o,,;, for the lower bound and an outer shell
of 0ax for the upper bound. In both cases, the outer shell is
effectively the interconnected phase and the inner one is
disconnected. For a binary system consisting of melt and
matrix, the upper bound would represent an interconnected
melt phase surrounding matrix grains and the lower bound
would represent isolated melt pockets surrounded by matrix
grains.

[22] HS upper and lower bounds overestimate or under-
estimate the bulk conductivity, respectively. The upper
bound (8) predicts a range of 0.631-631 S/m (Figure 7),
while the lower bound (6) predicts a range of 0.00079—
0.0013 S/m. Our observed values of 0.03—0.1 S/m do fall
within these bounds, but the bounds have little utility
because estimates of melt content would be much too
high or low. The HS upper bound is uniformly too
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Figure 6. The log o(bulk conductivity) plotted versus
log;g(basalt, Cyp) and log;g(sulfide, Cyp) melt fractions for
geometric mean model. Fractions are converted to percen-
tages used in text by multiplying by 100. Shaded region
shows range of permissible bulk conductivities, and
horizontal lines show range of observed sulfide fractions.
Note that bulk conductivity is almost independent of basalt
fraction.
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Figure 7. Hashin-Shtrikman bounds for the basalt, sulfide,
and matrix mix at a pressure of 2.3 GPa and temperature of
1200°C. The upper bound has sulfide melt as the outer shell,
and the lower bound has the matrix as the outer shell. The
middle bound has the basalt as the outer shell and is the only
one that passes through the region with bulk conductivity
between 0.03 and 0.1 S/m (shown by white surfaces). The
range of permissible values of bulk conductivity is shown
by the white lines on the scale.

conductive because it permits the sulfide melt to form an
interconnected phase. The HS lower bound is uniformly
too resistive because it isolates melt pockets from each
other by surrounding them with the resistive matrix.

[23] We also examine a model based on the Hashin-
Shtrikman method that does not assume that the most
conductive or most resistive phase is interconnected. Based
on the fact that the upper and lower bounds are analogous to
interconnected sulfide or matrix phases respectively, we
calculate a Hashin-Shtrikman model with basalt melt as
the interconnected phase:

Amid

L — 10
1 - Amid/(:;o'bamlt) ( )

Oeff HSm = Obasalt +

where

Amid:i ﬁ R (11)

=1 |:(0i - Gbasalt)7]+(3o-basalt)7

where i’ excludes the basalt phase. Note that there is no loss
of validity in the use of the Hashin-Shtrikman formula for
calculation of an effective conductivity; it just no longer
provides absolute bounds. The model also specifies nothing
about the distribution of the sulfide melt or matrix except
that heterogeneities are small compared to the size of the
averaging region [Hashin and Shtrikman, 1962]. This
model predicts conductivities within the range of the
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Sierran observations (Figure 7) but requires ~0.8—6%
basalt melt in order to also match the range of observed
sulfide content (Figure 8). The lower end of this range
satisfies the needs outlined by Ducea and Park [2000] for
low basalt melt fractions.

5.3. Spherical Inclusion Models

[24] The HS models are exactly equivalent to layered
spheres for two-phase media [Hashin and Shtrikman,
1962; Waff, 1974]. This equivalence led us to extend
Hashin and Shtrikman’s [1962] derivation for the equiv-
alent conductivity of a two-phase sphere to a three-phase
sphere. Inclusion of additional layers to their model is
conceptually trivial but analytic expressions for the effec-
tive conductivity become increasingly complicated. A key
point is that a model of an equivalent medium created by
embedding an infinite number of spheres with an infinite
range of radii is valid only if the maximum radius is
small compared to the distance at which the observations
of potential are made. Grain sizes in the mantle at depths
of 40—70 km are typically ~1 mm, so this assumption
should be satisfied. Details of the derivation are provided
in the Appendix; we just outline the steps here and then
present the result. The goal is to find a homogeneous
sphere with an equivalent conductivity, o, that perturbs
a uniform electric field in the same manner as does the
layered sphere (Figure 9). Then, the electrostatic energy of
both spheres is equal. With o; forming the core of the
sphere and o3 forming the outermost shell,

28+ 1) = 2a=1)(3 - 26)
S3(a+1)(3 —f3) + /(1 —20)

Ocff = 03 ’ (12)
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Figure 8. The log;o(bulk conductivity) plotted versus
log;g(basalt, C,p) and log;g(sulfide, Cyp) melt fractions for
HS middle bound. See caption of Figure 6 for explanation.
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Figure 9. Composite and equivalent spheres. Inner shell
has conductivity o, and radius 7, middle shell has
conductivity o, and extends to radius r,, and the outer
shell has conductivity o3 and outer radius r3.

where S; = 03/0,, f; is the volume fraction of the ith phase,
and

CEr
= ot o) 1 A) (13)

An infinite number of equivalent spheres with an infinite
range of radii are then used to fill the space, resulting in a
homogeneous equivalent medium. Equations (12) and (13)
reduce to Waff’s [1974] result for a sphere with 2 phases
when o, = 0,. Note that only the phase in the outermost
shell is explicitly interconnected.

[25] Six possible layered spherical models can be
examined because of the combinations of three phases
(sulfide melt, basalt melt, matrix). Both of the models
with olivine as the interconnected phase (i.e., the outer
shell) predict conductivities that are too low to match our
constraints (Table 4). This is because, like the HS lower
bound, the resistive matrix blocks current flow between
the conductive fractions. Indeed, these models predict
conductivities comparable to those of the HS lower
bound. In contrast, both of the models with sulfide as
the interconnected phase predict conductivities that are too
high to match our constraints but are comparable to those
of the HS upper bound or parallel model (Table 4 and
Figure 10). The sulfide melt essentially shorts out current
flow. The two remaining models have basalt melt as the
interconnected phase, but produce very different results
(Table 4).

[26] In the first model with basalt melt as the outer
phase, the sulfide melt is in contact with the basalt and
conductivities are indistinguishable from those where the
sulfide is the outer phase and basalt is the middle shell
(Table 4). One way to explain this result is that the sulfide
melt forms intact shells around matrix cores and is locally
interconnected. The complete connection between the

Table 4. Conductivity Ranges for Sphere Models

Shell
Inner Middle Outer log 10(min) log 10(max)
Basalt sulfide matrix -2.9 —-2.6
Sulfide basalt matrix -29 —2.6
Basalt matrix sulfide —-0.2 2.8
Matrix basalt sulfide —-0.2 2.8
Matrix sulfide basalt —-0.2 2.8
Sulfide matrix basalt —2.8 —0.8
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Figure 10. Three composite sphere models for a pressure
of 2.3 GPa and temperature of 1200°C. The model with the
olivine core and sulfide outer shell (ol-bas-sul) has the
highest effective conductivities and resembles the HS upper
bound from Figure 7. The model with the sulfide core and
olivine outer shell (sul-bas-ol) resembles the HS lower
bound. The model with the sulfide core and basalt outer
shell (sul-ol-bas) passes through the region of our data.

outer basalt melt and middle sulfide melt results in a
high effective conductivity for the interconnected melt
phase. This model does not match the constraints from
the MT data.

[27] The second model has sulfide melt isolated from the
silicate melt by a middle shell of matrix. This model
predicts conductivity values between 0.00079 and 0.158
S/m, which span the observed range of 0.03—0.1 S/m (Table
4 and Figure 10). However, this model predicts conductivity
values that are virtually identical to those from a binary
system consisting of a basalt outer shell and matrix inner
shell (results not shown here). The isolated sulfide melt has
no effect on the bulk conductivity, and this model would
require basalt melt percentages similar to those of Park et
al. [1996]. A more complicated model with the sulfide melt
forming a locally discontinuous phase as a middle shell is
needed; such a model is not amenable to analytic expres-
sions, however.

5.4. Hybrid Models

[28] Most of the models predict bulk conductivities that
lie uniformly above or below the constrained range from
MT observations and/or do not satisfy the constraints from
the xenoliths. Only three models predict bulk conductivities
within the desired range, and two of them (geometric mean
and spherical inclusion model with interconnected basalt
melt and disconnected sulfide melt) are marginal. The
geometric mean model requires volume fractions of sulfides
that are just barely within the range of observed values. The
spherical inclusion model predicts that the sulfide must be
isolated from the basalt melt; a requirement that contradicts
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Figure 11. Hybrid models of an HS upper bound for the
melt (HS magma upper) and lower bound (HS magma
lower). In both cases, the HS upper bound was used to
estimate the melt-matrix bulk conductivity. Calculations
were done at P = 2.3 GPa and 7= 1200°C. Note how only
the HS lower magma bound passes through the region of
permissible conductivities.

the observed textures [Holzheid et al., 2000]. Only the HS
middle bound satisfies both the observed bulk conductiv-
ities and sulfide fractions.

[29] Ducea and Park [2000] showed that a cascade
application of the HS bounds can also be used to derive an
analytic expression that satisfies the constraints in Table 1.
In their model, the sulfide and basalt melts are first mixed
using an HS lower bound (6) and then the effective melt is
embedded in an isotropic, cubic block model [Waff, 1974].
We complement their calculations by using both the HS
upper (8) and lower bounds (6) for the melt and then
embedding this melt in a matrix using the HS upper bound
(8). This approach results in analytic expressions for bulk
conductivity, but only that with the HS lower bound for the
melt predicts values that fall within the desired range
(Figure 11). Because an interconnected fluid composed of
a disconnected sulfide melt and an interconnected basalt
melt in a solid matrix is identical to that of Ducea and Park
[2000], a contour map of the bulk conductivity in Figure 11
is identical to their Figure 4 and is not shown here. Note
that a model with an interconnected sulfide phase predicts
bulk conductivities that are at least 10 times greater than
observed; sulfide melts cannot act as interconnected
conductors.

6. Discussion

[30] The modeling tests presented above have two goals.
First, we seek a model that predicts a basalt melt fraction of
less than ~1% for temperatures of 1180—1220°C, bulk
conductivities of 0.03—0.1 S/m, and sulfide melt fractions
of 0.06—0.4%. Second, we seek models that are consistent
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with laboratory observations of melt relationships (inter-
connected basalt melt and isolated sulfide melt pockets). All
of the models tested that contain an interconnected sulfide
melt predict bulk conductivities that are much larger than
observed. Similarly, all models with completely isolated
melt fractions predict bulk conductivities that are much
lower than expected. Interconnected melt fractions are
required to match the MT-derived constraints on bulk
conductivity, but only the basalt melt can be interconnected.

[31] Models which satisfy the bulk conductivity and
sulfide melt constraints include the geometric mean, spher-
ical inclusion model with an outer shell of basalt melt, the
HS middle bound, and the hybrid model used by Ducea and
Park [2000]. These models have a discontinuous sulfide
melt in contact with an interconnected basalt melt which is
embedded in a resistive matrix. However, some of these
models showed no sensitivity to one or the other of the melt
fractions. The geometric mean model, while falling within
the acceptable bounds, predicts that the basalt melt fraction
has no effect on the bulk conductivity (Figure 6). The bulk
conductivity is dominated by the fraction of sulfide melt in
this model because it allows substantial fractions of con-
nected sulfide melt. This behavior contradicts textural
evidence [Holzheid et al., 2000], and we suggest that the
geometric mean should not be used for this situation.

[32] The spherical inclusion model predicts the opposite
result that the sulfide melt has no effect on bulk conduc-
tivity because the sulfide is isolated from the basalt melt by
shells of matrix. This again contradicts textural evidence
from Holzheid et al. [2000] that the sulfide and basalt melts
are in contact, and we suggest that the spherical inclusion
model should not be used here. Finally, both the HS middle
bound and the hybrid model with an HS lower bound for the
combined melt provide acceptable models that are also
consistent with the textural observations. The HS middle
bound implies only that the basalt melt is interconnected
(there is no statement about the geometry of the sulfide melt
and matrix), while the hybrid model explicitly allows for
isolated sulfide pockets within an interconnected basalt
melt. However, the hybrid model also predicts that the bulk
conductivity can decrease with increasing basalt melt frac-
tion, and it is counterintuitive that adding more conductive
fraction to a rock can decrease the bulk value. Clearly,
laboratory measurements are needed in order to resolve this
paradox and determine if this result is a modeling artifact.

7. Conclusions

[33] We have shown that measurements of in situ mantle
electrical conductivity and petrological constraints from
young xenoliths can be used to predict fractions of basalt
melt. Many of the standard models derived from laboratory
studies are not helpful in predicting bulk conductivity from
the mantle’s constituents. Two models, both based on the
Hashin and Shtrikman [1962] formulation, appear to be
most successful in predicting the bulk conductivity of
multiple conductive melts embedded in a resistive matrix.
These models suggest that <1% basalt melt is permissible in
the presence of sulfide melts beneath the modern Sierra
Nevada. Only one of these models, the hybrid model,
attempts to explicitly include the textural relationship
between the basalt and sulfide melts, however. Further
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refinement of the modeling will likely require numerical
techniques such as random network modeling [Madden,
1976] or renormalization group theory [Madden, 1983] to
more accurately portray the relationship between the basalt
melt, the sulfide melt, and matrix. Finally, laboratory
measurements are needed to confirm the model predictions
presented here.

Appendix A

[34] The derivation for the equation for the equivalent
conductivity of a composite sphere follows exactly what
Hashin and Shtrikman [1962] and Waff [1974], except that
it includes a middle shell (Figure 9). The derivation is based
on the assumption that the composite sphere is replaced by a
homogeneous one with a conductivity such that the electro-
static energy is unchanged by the replacement. This process
involves equating the potential at the surface of the compo-
site sphere with three layers in a uniform £ field to that of a
homogeneous sphere with equivalent conductivity, oes. If
the two potentials are equal, then the composite can be
replaced by the homogeneous sphere. The spherical model
(Figure 9) in a homogeneous electric field, Eq, is azimu-
thally symmetric with a z axis aligned along the direction of
the field. With this coordinate system, the potential is given
by —Eyz. In spherical coordinates, this potential is ¢ = —Eyr
cos(0). Because the external potential on the sphere has only
a cos(0) angular dependence, symmetry arguments show
that the potential can have only spherical harmonics which
involve the Legendre polynomials P{ = cos(6). This means
that the general radial dependence for the potential is given

by

B (A1)

¢i:Air+r77

where 4; and B; are coefficients within the ith shell. In order
to avoid singularities at the origin (» = 0), the potentials in
the shells in Figure 9 are

by =Ar, (A2)
for the inner shell (0 < r < ),
by :A2r+%, (A3)
for the middle shell (r; < r» < r,), and
o} :A3r+%. (A4)

for the outer shell (r, < r < r3). Note that the cos(0)
dependency has already been factored out of each term in
(A2)—(A4). The boundary condition that the potentials be
continuous at » = ry, r = r,, and r = r3 leads to the following
equalities:

B
Ay = Ay +722~, (A5)
1
B
A3}"3 =+ 723 = —E()}”3. (A6)

3
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Continuity of normal current density across the interfaces,
given by

a6,

Jer=o; A7
oF=aig (A7)
establishes another set of equalities
2B
01d) =03 (Az *72)7 (AB)
i
2B 2B
02(142*732) =0'3( *73), (Ag)
3 2
2B
o3 (A3 - —33) = —oyEo. (A10)
3

This last step to equation (A10) actually involves recogniz-
ing that the current flowing out of the homogeneous
equivalent sphere is equal to that flowing out of the
composite sphere and equating the two. (Technically, the
left side of equation (A10) is equal to —0usigeEo and so is
the right side if the composite sphere is replaced by an
equivalent homogeneous sphere.)

[35] The set of equations (A5)—(Al0) provides a
unique solution for 4, A,, A3, B>, B3, Ey, and o, but
we are interested in only the last term. A matrix can be
set up and solved for these coefficients as Waff [1974]
did, but it is cumbersome to set the determinant of that
matrix to zero and derive an expression for o.g. Instead,
equations (A8)—(A9) can be expressed in terms of ratios of
conductivities

2B
A, :S2<A2—r—32), (A11)

1

2B, By
Ay — =854 -5 ), Al2
-T=s(6-3) 12
2B
5% (A3 - —j) = —E (A13)
3

where S, = o0,/01, S35 = 03/0,, S* = 03/0.4 Equations
(A15) and (A11) can be combined to eliminate 4; and to
solve for B, in terms of A,. This result is substituted into
(A6) and (A12) and then combined to eliminate 4,, leaving
only A; and Bj;. Equations (A10) and (Al3) can be
combined to eliminate £, leaving two equations for 43 and
B3:

1 43 —2B3R;
= Al4
S* A3 + B3R; ’ ( )

A3 +B3R2 _ S3(A3 — ZB3R3)
I+a 1 - 2a '

(A15)
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where R, = 1/r3, Ry = 1/r3, and
oO=c——e—. (Al6)

Equations (A14) and (A15) can be combined to yield o
in terms of the conductivities and radii of the shells

O :Rz(z(x— 1 —2S3 —2S304) — 2R3(1 — 204—S3 —S3OL)
@ Ry(20— 1 — 285 — 2830) + R3(1 — 20— S5 — S3a1)
(A17)

Recognizing that the volume fractions of the shells are given
by f; = 411r1/3, f5 = 411(r3 — r7)/3, and f3 = 411(r3 — 13)/3,
equation (A17) can be rewritten to yield equation (12). As
long as the relative volumes of the shells are preserved as the
medium is constructed of an infinite number of spheres with
an infinite range of radii, the fractions f; are the volume
fractions of each component in the rock.
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