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A B S T R A C T

Waves in the atmosphere and ocean are inherently intermittent, with amplitudes, frequencies, or wavelengths
varying in time and space. Most waves exhibit wave packet-like properties, propagate at oblique angles, and are
often observed in two-dimensional (2-D) datasets. These features make the wavelet transforms, especially the 2-
D wavelet approach, more appealing than the traditional windowed Fourier analysis, because the former allows
adaptive time-frequency window width (i.e., automatically narrowing window size at high frequencies and
widening at low frequencies), while the latter uses a fixed envelope function. This study establishes the
mathematical formalism of modified 1-D and 2-D Morlet wavelet transforms, ensuring that the power of the
wavelet transform in the frequency/wavenumber domain is equivalent to the mean power of its counterpart in
the time/space domain. Consequently, the modified wavelet transforms eliminate the bias against high-
frequency/small-scale waves in the conventional wavelet methods and many existing codes.

Based on the modified 2-D Morlet wavelet transform, we put forward a wave recognition methodology that
automatically identifies and extracts 2-D quasi-monochromatic wave packets and then derives their wave
properties including wave periods, wavelengths, phase speeds, and time/space spans. A step-by-step
demonstration of this methodology is given on analyzing the lidar data taken during 28–30 June 2014 at
McMurdo, Antarctica. The newly developed wave recognition methodology is then applied to two more lidar
observations in May and July 2014, to analyze the recently discovered persistent gravity waves in Antarctica.
The decomposed inertia-gravity wave characteristics are consistent with the conclusion in Chen et al. (2016a)
that the 3–10 h waves are persistent and dominant, and exhibit lifetimes of multiple days. They have vertical
wavelengths of 20–30 km, vertical phase speeds of 0.5–2 m/s, and horizontal wavelengths up to several
thousands kilometers in the mesosphere and lower thermosphere (MLT). The variations in the extracted wave
properties from different months in winter indicate a month-to-month variability in the gravity wave activities
in the Antarctic MLT region.

1. Introduction

Observing and characterizing the field of atmospheric waves across various temporal and spatial scales has been, and continues to be, one of the
most challenging tasks in atmospheric and space science research. Waves are the dominant mechanism for energy and momentum transport in the
middle and upper atmosphere. Characterizing them is critically important to the understanding of circulation in Earth's atmosphere and ensuring
the accuracy of numerical models that are used for climate prediction and weather forecasting. Advancements in remote sensing technologies in the
last several decades have significantly improved the observing capabilities, providing volumes of data with unprecedented coverage, precision, and
temporal and spatial resolutions. Efforts have been spent on analyzing the data to characterize the properties of various atmospheric waves,
including gravity, tidal and planetary waves, by means of Fourier basis functions (e.g., Chu et al., 2011a; Forbes, 1995; Gardner and Voelz, 1987;
Harris, 1994; Lu et al., 2015; Manson and Meek, 1986; Nakamura et al., 1993; Sato, 1994; She et al., 2004). However, because Fourier methods
assume a time/space invariance of wave properties, more efforts are needed in the aspect of localization of these wave properties because, in reality,
many waves are inherently intermittent and localized (Alexander and Dunkerton, 1999; Forbes et al., 1995; Sato and Yamada, 1994; Teitelbaum
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and Vial, 1991), i.e., wave properties such as amplitude, frequency, and vertical wavenumber vary with both time and space as the wave propagates.
Traditional Fourier analysis is not capable of resolving localized variations (Farge, 1992). Windowed Fourier transforms are capable of localization,
but use a fixed window width for all wave frequencies (or wavenumbers, same hereinafter) (Daubechies, 1992), which cannot dynamically adjust to
lower or higher frequency phenomena. In contrast, the wavelet transform is able to adapt its window's temporal width to the wave spectrum, i.e.,
automatically narrowing at high frequencies and widening at low frequencies (Chui, 1992). Therefore, wavelet analysis methods are more suitable
than Fourier transform methods for analyzing real atmospheric wave phenomena.

Wavelets are a relatively new concept in applied mathematics but have gained fast development and diverse applications. The term originated in
the field of geophysics in the early 1980s (Morlet et al., 1982a, 1982b) to describe seismic signals. Since then, significant advances in wavelet theory
have been made. Wavelets have been used in quantum physics (Grossmann and Morlet, 1984; Paul, 1984), applied mathematics (Daubechies, 1988;
Meyer and Salinger, 1993), signal processing (Mallat, 1989), image compression (Wickerhauser, 1994), atmospheric turbulence (Farge, 1992),
ocean wind waves (Liu, 1994) and many other fields. Their advantage, in addition to the localization capability, is the existence of many compactly
supported orthonormal wavelet bases which allow signal decomposition into a minimal number of coefficients, enabling data compression
(Daubechies, 1988; Meyer, 1989). The 1-D wavelet has been popular for middle and upper atmospheric data analysis (e.g., Sato and Yamada, 1994;
Zhang et al., 2001; Zink and Vincent, 2001; Pancheva et al., 2002). Recent lidar observations in Antarctica, assisted with the 1-D Morlet wavelet
data analysis technique, have led to the discoveries of persistent gravity waves in the mesosphere and lower thermosphere (MLT) (Chen et al.,
2016a). These findings are significant, as they provide a rare insight into a poorly understood part of the Earth's atmosphere.

While the 1-D wavelet analysis applied in Chen et al. (2016a) was instrumental in characterizing the persistent waves from time series at each
individual altitude, discerning each wave feature across both the time and space domains had to be performed manually; a situation that is not
desirable when handling large amounts of observational data. In addition, wave packets may travel “obliquely” and exist in different regions at
different times. Such intrinsic features require spectral analyses of waves in more than one dimension simultaneously. Many remote sensing
instruments deliver two-dimensional (2-D) data. For example, ground-based lidars and radars record space-resolved atmospheric data over time at
a fix location, yielding 2-D data in the altitude-time domains. Ground-based imagers, and many satellite sensors, obtain snapshots of 2-D spatial
images. Unfortunately, extracting intermittent/localized two-dimensional wave packets is still a common technical challenge in analyzing
atmospheric and space data. Therefore, we believe that the 2-D wavelet transform is an important and powerful tool for the autonomous processing
of atmospheric data. Although some studies have used the 2-D wavelet transforms (e.g., Farge et al., 1990; Kaifler et al., 2015; Kumar, 1995; Wang
and Lu, 2010), no 2-D Morlet wavelet code suitable for geophysical applications is publicly available. Moreover, the mathematical formalism is
lacking regarding the absolute power spectrum of the 2-D wavelet transforms and the quantified relationship between the scale parameters and the
Fourier periods/wavelengths.

The main goals of this study are to establish the mathematical formalism of modified 1-D and 2-D Morlet wavelet transforms with proper
physical basis, and to develop a wave recognition methodology based on such 2-D wavelet transform for automatic wave extraction. The wave
recognition methodology can be made available to the public for the analysis of large amounts of 2-D atmospheric and space science datasets. The
formalism of the 1-D and 2-D wavelet transforms is established with detailed mathematical derivations. During the application of the 1-D wavelet
technique in Chen et al. (2016a), problems were found in the publicly available 1-D wavelet code provided by Torrence and Compo (1998), i.e.,
wavelet power spectra are distorted or biased in favor of large scales or low frequencies, as Liu et al. (2007) pointed out previously for atmosphere
and ocean science applications. To overcome this issue, corrections were made to the code in Chen et al. (2016a), but no mathematical
explanations were offered. In this study we provide the mathematical and physical basis for the correction to the 1-D wavelet in Section 2 to
illustrate the procedure for constructing an unbiased wavelet transform mathematically and to offer physical meaning to the wavelet spectrum.
We then expand this procedure to the development of 2-D wavelet transform in Section 3. In order to apply the 1-D and 2-D transforms to real
observational data, the continuous wavelet transform (CWT) must be discretized. This study provides equations for the discrete-time CWT in
Sections 2 and 3. The 2-D inverse wavelet transform for wave reconstruction in the time/space domain is given in Section 4. Section 5 introduces
the wave recognition methodology based on the modified 2-D wavelet transform that can automatically extract 2-D quasi-monochromatic wave
packets and derive their wave properties. To demonstrate this methodology, we apply it to real lidar data taken during 28–30 June 2014 at
McMurdo Station and compare our results to the 1-D results shown in Chen et al. (2016a). Application of the 2-D wavelet transform to lidar data
from May and July 2014 is shown to help the characterization of persistent gravity waves in Antarctica. Section 6 discusses the potential caveats
and improvements in our methods and the possible sources of these persistent waves. Finally, we conclude this study by highlighting the scientific
utility of the 2-D wavelet transforms.

2. Correction for commonly used one-dimensional wavelet power spectrum

The 1-D CWT is commonly defined as (Mallat, 1999)
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where f(t) is the function of interest, ψ(t) is a wavelet mother function, s is the wavelet scale (usually restricted to positive numbers), operator (*)
denotes complex conjugate, operator (⊗) denotes convolution, and operator (^) denotes Fourier transform, i.e., ∫f ω f t e dtˆ ( ) = ( ) iωt

−∞

+∞ − and

∫ψ ω ψ t e dtˆ ( ) = ( ) iωt
−∞

+∞ − . The factor s1/ is to ensure wavelets ψ ( )
s

t
s

1 are normalized, i.e., ∫ ψ dt( )
s

t
s−∞

+∞ 1
2

equals a constant and does not depend on

s. Note that the third equality in Eq. (1) is a result of the convolution theorem, i.e., the Fourier transform of a convolution is the pointwise product of
Fourier transforms, applying the inverse Fourier transform f g F F f F g⊗ = { ( )⋅ ( )}−1 . The wavelet scale s is proportional to the window width in a
dilated wavelet ψ ( )t t

s
′ − . This property enables the wavelet “time-window” to dynamically adjust to higher or lower frequencies. The Morlet wavelet

transform is provided to illustrate this feature and is defined as (Farge, 1992; Meyers et al., 1993; Weng and Lau, 1994),

ψ t e e( ) = ,iω t t− 20
2

(2)
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where ω0≥ 5 in order to fulfill the “admissibility condition” that will be shown later in Eq. (3) (Farge, 1992). Note that some literatures include a

normalization constant of π− 1
4 in their definition of Eq. (2) such that ∫ ψ t dt( ) = 1

−∞

+∞ 2 (e.g., Kumar and Foufoula-Georgiou, 1997; Morlet et al.,
1982b; Torrence and Compo, 1998). However, such a constant is not a necessity in our definition here for two reasons. First, it is cancelled out if we
do a forward wavelet transform (Eq. (1)) and then an inverse wavelet transform (shown later in Eq. (4)), so the value of this normalization constant
will not affect the result of the reconstruction of wave packets. Second, the effect of this normalization constant on the wavelet analysis will be
accounted for later in our definition of the wavelet power spectrum (Eq. (11)). Evaluating the wavelet transform given by Eq. (1) using the above-

defined Morlet wavelet, we have ψ e e*( ) =t t
s

iω′ − − ( ) −t t
s

t t

s0
′− ( ′− )2

2 2 . The Gaussian “window” in the Morlet wavelet, e− t t

s

( ′− )2

2 2 , varies its width with the wavelet
scale s, so it is adaptive to both low and high frequency waves for wave localization. Note that s has the same dimension as t, i.e., time. The only
constraint imposed on a real wavelet function ψ(t) is the so called “admissibility condition” (Mallat, 1999),
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If ψ(t) is admissible and real, the inverse wavelet transform, or wavelet synthesis, exists and is given by (Eq. (4.38) in Mallat, 1999),
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The full derivation of Eq. (4) is provided in the Appendix A.1. If ψ(t) is complex and f(t) is real, e.g., Morlet wavelet, we should only take the real part
of Eq. (4) (Daubechies, 1992)
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where the admissibility condition changes to

∫ ∫C ψ ω ψ ω
ω

dω ψ ω
ω

dω= ˆ ( ) + ˆ ( − )
2

= ˆ ( )
2

< + ∞.ψ
0

+∞ 2 2

−∞

+∞ 2

(6)

It is worth analyzing the physical meaning of the wavelet transform of Eq. (1). If the variable t is time and ω is the corresponding angular frequency,
then Parseval's theorem requires (Mallat, 1999)
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Eq. (7) expresses the equality of the total energy of the signal in both time and spectral representations. Energy conservation applies to the wavelet
transforms as well. The equivalent Parseval's theorem for the wavelet transform can be stated as (for full derivation of Eq. (8), see Appendix A.2)
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Traditionally, the squared amplitude of the wavelet transform |Wfψ(s,t)|
2 has been used to describe the wavelet power spectrum, as in Torrence and

Compo (1998). However, this definition is troublesome from a physical perspective, which can be shown in the following dimensional analysis. If

the integrals in Eq. (7) and Eq. (8) are regarded as the total energy of signal f(t), then f t( ) 2 is the power, i.e., energy per unit time, while f ωˆ ( )
2
is the

energy spectral density, i.e., energy per unit frequency. Because the right hand side of Eq. (8) is a double integral, |Wfψ(s,t)|
2 is energy per unit time

per unit frequency, which is power spectral density, equivalent to energy. Thus, |Wfψ(s,t)|
2 does not represent the mean power of f(t). The

dimension of the signal's power ( f t( ) 2) equals the dimension of |Wfψ(s,t)|
2 divided by the scale s. For a periodic signal f(t), we can show

mathematically below that the squared amplitude of the Morlet wavelet transform |Wfψ(s,t)|
2 is proportional to s. Moreover, since f(t) can be

written as the sum of a series of cosine functions, f ωˆ ( ) can be written as a sum of Dirac delta functions.
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The squared amplitude of the Morlet wavelet transform for f(t) is then
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Eq. (10) shows that |Wfψ(s,t)|
2 is proportional to s multiplied by an oscillating term. This explains why the wavelet power calculated in Torrence

and Compo (1998) is distorted and biased in favor of large scales or low-frequency oscillations, as pointed out by Liu et al. (2007) and Chen et al.
(2016a). To correct this bias, we divide |Wfψ(s,t)|

2 by s and define an unbiased Morlet power spectrum as below,
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Note that this expression for the power spectrum was not rigorously derived from Eq. (8). It is a practical expression that still has the dimension of
power but does not exhibit bias towards larger s. Following the methods of Meyers et al. (1993), the relationship between the equivalent Fourier
period and the wavelet scale can be derived. By substituting f(t) with a single cosine function A cos ω t φ( + )1 1 1 into Eq. (11), we find that Pf(s,t)
reaches its maximum at s ω ω ω T π= / = /20 1 0 1 , where T1 is the period of the cosine function (see full derivation in Appendix A.3). Therefore, s ω ω= /0
describes the relationship between s and the Fourier frequency ω of the wave. Further, C′ψ in Eq. (11) can be chosen such that the wavelet power at

s ω ω= /0 1 equals the signal's mean power (averaged squared amplitude, ∫ f t dt A( ) =
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wavelet power spectrum. For application to a real world signal that is sampled at discrete times, the CWT of such a discrete signal becomes,
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The discretization of t and ω is as follows: t = nΔt, where n = 0, 1, 2…N-1 and ω = 2πk/NΔt, where k = 0, 1, 2…N-1. Function f[n] is f(t) sampled at
discrete times t = nΔt (brackets used to enclose the variables of a function denote the discrete functions). Once the wavelet is selected, we choose a
set of scales s. For convenience, we can write s at level j as base 2 exponentials (Torrence and Compo, 1998):

s s j j= 2 , = 0, 1, 2, 3, 4, ... , ,j

j
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where s0 is the smallest resolvable scale, usually 2Δt, j is an integer representing the level number, and J is the number of levels per octave. The
discretized version of Eq. (11) is
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where the discrete Fourier transform is defined as f k f n expˆ [ ] = ∑ [ ] ( − )n
N i πnk

N=0
−1 2 .

To demonstrate the improvements of our method, we compare the above defined wavelet power spectrum results with those using the method in
Torrence and Compo (1998) and the MATLAB wavelet toolbox program cwtft() with an arbitrary time series test case. The input time series is a
summation of three sine waves with the same amplitude of 20 K but different periods (2 h, 8 h, 24 h, respectively, shown in Fig. 1a). The total length

Fig. 1. 1-D Morlet wavelet power spectra of an (a) arbitrary test time series, calculated using (b) the Chen and Chu method, (c) the Torrence and Compo method, and (d) MATLAB
program cftwt in the wavelet toolbox. The input time series is the summation of three sine waves with the same amplitude of 20 K but with different periods (2 h, 8 h, and 24 h
respectively). For ease of comparison, time-averaged wavelet amplitudes are shown on the right of (b)–(d).
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of the time series is 200 h with a sampling interval of 0.1 h. We use 101 levels for scale s, 10 per octave scale in the calculation, i.e., jmax = 100 and J
= 10 in Eq. (13). The Morlet wavelet power spectra calculated using the three different methods are shown in Fig. 1b–d. For easy comparison, time-
averaged wavelet amplitudes are shown on the right of each panel. Our method yields the correct amplitude of 20 K for each wave without any bias.
In contrast, the Torrence and Compo method and the MATLAB program produce similar results, which are both biased in favor of the longer period
waves.

3. Two-dimensional Morlet wavelet power spectrum

1-D wavelet can be extended to two or more dimensions by rotation, dilation and translation (Murenzi, 1989). The 2-D CWT is defined as,
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where t t z→ = ( , ), with t and z representing time and spatial coordinates, ω ω m→ = ( , ), with ω and m representing angular frequency and vertical
wavenumber, respectively. Note that d t dtdz→ = and dω dωdm→ = , and operator (⊗) denotes the 2-D convolution defined as
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Eqs. (15) and (16) indicate that, in addition to expanding the dilations and translations used in the 1-D wavelet, rotations of t→ and ω→ are introduced
in the 2-D wavelet, where θ denotes the rotation angle. The 2-D Morlet wavelet function is defined as follows,
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The inverse 2-D wavelet transform is,
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When f t(→) is real, we take the real part of Eq. (19) and restrict θ π∈ [0, ]:

R
⎡
⎣
⎢⎢

⎤
⎦
⎥⎥∫ ∫ ∫ ∫f t

C
s W s θ t ψ t t

s s
d t dsdθΩ(→) = 1 ( , , →′) (

→ − →′ ) 1 →′ ,
ψ

π

fψ θ
0 0

+∞

−∞

+∞

−∞

+∞
−3 −1

(21)

where the admissibility condition becomes
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The derivations of Eq. (20) and Eq. (21) are provided in Appendices A.4 and A.5, respectively. The equivalent Parseval's theorem for the 2-D wavelet
transform is (for derivation, see Appendix A.6),
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Following the same logic as in the dimensional analysis of the 1-D case, we find that the dimension of f t(→)
2
equals the dimension of W s θ t( , , →)fψ

2

divided by the scale s2. Therefore, we define the 2-D Morlet wavelet power spectrum as,
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where ω θ ω cosθ ω sinθ→′( ) = ( , )0 0 0 . Analytical relationships between parameters s, θ and ω ω m→ = ( , ) of the Morlet wavelet can be derived using a similar

method as in the 1-D case by substituting f t(→) with a 2-D cosine functions A cos ω t m z( + )1 1 1 . The results show that P s θ t( , , →)f will reach its

maximum where s ω m ω= /( + )0
2

1
2

1
2 and θ tan m ω= ( / )−1

1 1 , which describe the analytical relationships between parameters (s, θ) and (ω,m) (See full
derivation in Appendix A.7). We derive the coefficient C′ψ by ensuring that the result of the 2-D Morlet wavelet power at corresponding peak s and θ

is equal to the signal's mean power An
1
2

2. Doing so, we obtainC π′ = 2ψ for the 2-D Morlet wavelet power spectrum.For practical application to a 2-D
sampled, discrete signal, the continuous 2-D Morlet wavelet transform becomes,
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The discretization is as follows: t = n1Δt, where n1 = 0, 1, 2…N1-1, z = n2Δz, where n2 = 0, 1, 2…N2-1. ω = 2πk1/NΔt, where k1 = 0, 1, 2… N1-1, and
m = 2πk2/NΔz, where k2 = 0, 1, 2… N2-1. As with the 1-D wavelet, we need to choose a set of s and θ. For convenience, we use the same discrete
representation of s as in the 1-D case but a uniform grid for θ as below

s s j j
θ lπ L l L

= 2 , = 0, 1, 2, 3, ... ,
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j

j
J max

l

0

(26)

The discrete version of Eq. (24) can now be written as

Fig. 2. Three-dimensional (3-D) illustration (coordinate λz fixed at 20 km) of the 2-D Morlet wavelet power spectrum of (a) an arbitrary test 2-D data set, comprised of two 2-D sine
waves, with the same 20 km λz, the same 20 K amplitude, but different periods (3.5 h and 7 h, respectively), calculated using (b) the Chen and Chu method (Eq. (27)), and (c) MATLAB
program cwtft2 in the wavelet toolbox. Four slice planes for each 3-D plots are at t = 55 h, z = 17.5 km, and T = 3.5 h and 7 h, respectively.
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To demonstrate that the above-formalized 2-D Morlet wavelet power spectrum yields unbiased wave amplitude results, we test it with an arbitrary
2-D data set, and compare the results with that calculated using the 2-D wavelet MATLAB program cwtft2(). The input 2-D data set is comprised of
two 2-D sine waves (shown in Fig. 2a), with the same λz of 20 km, the same amplitude of 20 K, but different periods (3.5 h and 7 h, respectively).
The time length of the data is 65 h with temporal resolution of 0.1 h, and the altitude range is 35 km with spatial resolution of 1 km. The result of a
2-D wavelet power spectrum is a four-dimensional (4-D) array, with each dimension representing scale s, rotation angle θ, time t and altitude z,
respectively. We use 71 levels for scale s (10 per octave scale) and 71 levels of rotation angle θ in the calculation, i.e., jmax = 70, J = 10, and L = 70 in
Eq. (26). More levels will yield higher resolution in period and λz in the 2-D wavelet transform, but will increase computation time. According to the

derived relationships between (s, θ) and (ω, m) for a monochromatic 2-D cosine wave cos ωt mz( + ), which are s ω m ω= /( + )0
2 2 2 , θ tan m ω= ( / )−1 , s

and θ can be converted into period T and λz using
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Now, the four coordinates of the 4-D array are λz, T, t and z, respectively. When the signs of T and λz are the same, the wave phase is downward
progressing; when they are different, the wave phase is upward progressing. Since it is not possible to illustrate the full 4-D arrays here, we fix one of
the coordinates at λz = 20 km, and present the resultant 3-D arrays in Figs. 2b and c. Fig. 2b shows the 2-D Morlet wavelet power spectrum
calculated using our formalism (Eq. (27)), while Fig. 2c shows the one using MATLAB program cwtft2(). To make the comparison easier, both
figures are sliced by four planes at t = 55 h, z = 17.5 km, and T = 3.5 h and 7 h, respectively. Fig. 2b clearly shows that our method yields the correct
amplitude of 20 K for both waves without any bias. However, the current publicly available MATLAB program cwtft2() produces a distorted result in
Fig. 2c, with the 7-h wave amplitude higher than that of the 3.5-h wave.

4. Two-dimensional wavelet reconstruction

We can use the wavelet reconstruction to extract the original 2-D data within a desired frequency and wavenumber band. Reconstruction
provides an opportunity to study the characteristics of a 2-D wave packet. Note that in mathematics the wavelet analysis and synthesis refer to the
forward and inverse transform of wavelet, respectively. Farge (1992) has pointed out that the synthesizing wavelet function used in the inverse
wavelet transform (the latter ψ(t) in Eq. (4)) could be very different from the analyzing wavelet function (the first ψ*(t) in Eq. (4)). We can even
choose a delta function δ(t) to reconstruct the signal. In order to do so, the constantCψ needs to be redefined. In a 1-D wavelet, if f(t) is real and ψ(t)
is a Hermitian function (i.e., its complex conjugate is equal to the original function ψ(t) = ψ*(−t), as with the Morlet wavelet),
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For a 2-D wavelet as a Hermitian function, such as the 2-D Morlet wavelet,
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where
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The discretized versions of the 1-D wavelet reconstruction Eq. (30) and the 2-D wavelet reconstruction Eq. (32) are
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To deriveCδ for a discrete wavelet function, Torrence and Compo (1998) substituted f[n] in Eq. (34) with a time series of a δ function, such that δ[n]
= 1 at n = 0. Since the Fourier transform of δ[n] has the uniform spectrum δ kˆ[ ] = 1, we reconstruct Eq. (34) at n = 0 to obtain Cδ for the 1-D wavelet
reconstruction,
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Similarly, by substituting a 2-D time series f[n1, n2] = δ[n1, n2] into Eq. (35), we obtain Cδ for the 2-D wavelet reconstruction,
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5. Wave recognition methodology of automatically extracting two-dimensional wave packets from lidar data

Based on our 2-D wavelet analysis and synthesis described above, we develop a wave recognition methodology to automatically identify and
extract wave packets from the lidar data collected at McMurdo, Antarctica and derive the wave parameters. Besides demonstrating the usage of the
2-D wavelet analysis and synthesis, we will also exemplify how to identify the major wave peaks and determine their extension from the 2-D wavelet
analysis results, a key step to extracting wave packets. The data used here were taken by the University of Colorado lidar group during the McMurdo
lidar observational campaign that has been active since December 2010. An upgraded Fe Boltzmann/Rayleigh temperature lidar (Chu et al., 2002;
Wang et al., 2012) is operated from Arrival Heights Observatory (77.83°S, 166.67°E) through a joint effort between the United States Antarctic
Program (USAP) and Antarctica New Zealand (AntNZ) (Chu et al., 2011b). The observations are year-round, weather permitting. Because of the
Antarctic darkness, the winter lidar data contain very little solar background (Chu et al., 2011a). Combined with the highest Fe layer abundance in
winter (Yu et al., 2012), the winter months (i.e., May through August) provide the highest resolution temperature measurements with the largest
altitude coverage (Chen et al., 2013; Chu et al., 2011a). In this paper we select three cases to demonstrate our methods. One dataset spans 28–30
June 2014 and was studied in detail by Chen et al. (2016a) using the 1-D wavelet analysis methods. Here, this case is used as the baseline for the
comparison of the 2-D and 1-D wavelet methods. The second and third cases are the lidar runs on 23–24 May 2014 and 16–18 July 2014,
respectively, which are chosen due to their long observation periods and minimal data gap owing to favorable weather conditions as well as in the
winter months different than June. These three cases also serve to illustrate the wave variability in winter.

The raw lidar data (photon counts) were recorded with resolutions of 1 min and 48 m, from which Fe temperatures in the MLT are derived at
resolutions of 0.25 h and 0.5 km, with the sampling window shifted in steps of 0.1 h and 0.1 km. Relative temperature perturbations are calculated
from the raw temperature data by subtracting the dataset-mean temperature at each altitude and dividing by the mean, such that slow varying
background atmosphere is removed. Fig. 3a shows the calculated relative temperature perturbations on 28–30 June 2014. We then apply the 2-D
Morlet wavelet transform to such relative temperature perturbations and calculate their power spectrum using Eq. (27). In the calculation, we use
71 levels of s, 10 per octave scale, and 71 levels of θ, so the resolutions in the wavelet period and λz are respectively ~0.5 h and 2.5 km at T ~ 7 h and
λz ~ 22 km. The spectral noise floor induced by the lidar measurement errors is estimated using a Monte Carlo simulation method described as
follows. We first construct 1000 Gaussian white-noise simulation data at each grid point of the measurement with a standard deviation equal to the
measurement error at that grid point. Then we calculate the wavelet power spectra for each of the above constructed 1000 sets of 2-D simulation
data using the exact same method as we do for the real temperature measurements. Finally, the spectral noise floor is estimated by taking the mean
of these 1000 simulated noise spectra. The spectral noise floor obtained above is then subtracted from the measured wavelet power spectrum. The
results are shown in Figs. 3b and c, where we fix one of the coordinates and present the resultant 3-D array. Fig. 3b shows the power spectrum at λz
= 25 km, where the 3-D data is sliced by three orthogonal planes at t = 55 h in Universal Time (UT), z = 90 km, and T = 7.6 h, respectively. Note that
the unit of the color bar is (%)2. Three major wave packets with periods T ~ 7.6 h, T ~ 6.5 h and T ~ 3.4 h, respectively, can be identified in Fig. 3b
(location of each peak is marked with a red arrow). Fig. 3c shows the power spectrum at T = 7.6 h, where the 3-D data is sliced by three planes at t
= 55 UT, z = 90 km, and λz = 25 km, respectively. The peak λz ~ 25 km is clearly shown in Fig. 3c. Here spectral leakage from the 6.5-h wave into this
7.5-h power spectrum is visible due to their closeness in period, but these two waves are clearly separated in time in the 2-D wavelet spectrum.
Fig. 3d is the 2-D top view of Fig. 3b in the unit of wave amplitude (%) showing how the wave periods change with time at z = 90 km and λz = 25 km.
This 2-D contour plot resembles the 1-D wavelet amplitude spectra shown in Fig. 4a in Chen et al. (2016a), which is reproduced here in Fig. 3e. Both
plots exhibit quite similar patterns of wave period spectra at z = 90 km, which verifies the capability of the 2-D wavelet transform. The 2-D wavelet
amplitude in Fig. 3d is smaller than the 1-D wavelet amplitude in Fig. 3e. This is because the amplitude of the 2-D wavelet spectrum represents only
a finite λz band (λz = 25 km), which is different from the 1-D wavelet spectrum that includes contributions from all λz.

After calculating the 2-D wavelet power spectrum, we utilize a MATLAB program “imregionalmax()” in the MATLAB Image Processing Toolbox
to search for regional maxima (local peaks), which have the highest value among their connected neighborhood elements. For such a 4-D array, we
use 80-connected neighborhoods for the search. We sort the regional maxima according to their peak heights, then select the local peaks that have
periods and λz within our range of interest. For this study, these are downward phase progression waves (T and λz have the same sign) with periods
of 3.15–12 h and λz of 5–100 km, respectively. We then set a threshold and select all of the local peaks that are above it. The threshold is set to one-
fifth of the global maxima of the 4-D array. If two peaks occur in close proximity and have similar periods and λz, these two peaks are marked as one
wave and their peak extensions will be combined later. After the selection of qualified local peaks in the 2-D wavelet spectrum, we then scan around
those peaks for a contiguously extended region in all four dimensions that fully encapsulates the wave packet. This extended region about a peak is
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defined as the connected region in which the amplitude of the power spectrum monotonically descends from the peak to where the amplitude either
drops below a threshold or begins to increase. In this study, we have used a threshold of 0.5% for the relative temperature perturbations. We confine
each search within ± 1/5 of each peak's period so that the connected peak extensions will be quasi-monochromatic in the frequency domain. After
each search, the complex wavelet transform coefficients within each peak extension are recorded and this corresponding wave is removed from the
next search so that the same wave element will not be recorded twice. The recorded wavelet coefficients of each peak extension are used to
reconstruct the 2-D wave matrix using Eq. (35). Note that the whole process of searching, scanning, and reconstruction of each 2-D wave packet is
automated. Several wave properties can be inferred from the wavelet coefficients of the peak extensions. First, the total lifespan can be obtained
from the earliest appearance of the peak extension at any altitude to the latest appearance at any altitude. Second, the λz and vertical phase speed
(Cz) can be derived as follows. We derive the vertical profile of the phase line directly from calculating the phase of complex wavelet coefficients
within each peak extension. A phase of 2π corresponds to a hot phase in the relative temperature perturbations. This 2π phase line expressed in time
is then tracked as a function of altitude, and its derivatives with respect to altitude are determined from linear least square fits within an 8-km
window, shifted by 1 km. The inverse of the derivative is Cz, and then Cz multipling period T yields λz.

We applied the above automated methods to identify and reconstruct the dominant 2-D wave packets for the ~65 h lidar run from 28 to 30 June
2014. Four wave events were identified, with the wave periods of ~3.4 h, 3.9 h, 6.5 h, and 7.6 h, respectively, and their reconstructed 2-D
perturbations are shown in Fig. 4a–d. In order to validate our method, we reconstruct the temperature perturbation field from the sum of these four
major wave events in Fig. 4e. The result shows good agreement with the original perturbations field in general, indicating that the reconstructions of
the 2-D waves well represent the real atmospheric waves. Each reconstructed 2-D wave is quasi-monochromatic in frequency and, within each wave,
all of the phase lines are oriented in a similar direction. The quasi-monochromatic feature of gravity waves is common in the middle atmosphere and
has been confirmed many times through observations with lidars and radars in the stratosphere (Gardner et al., 1989; Nastrom and Eaton, 2006;
Sato, 1994; Sato et al., 1997; Vaughan and Worthington, 2007; Zink and Vincent, 2001) and with lidars, radars and airglow imagers in the MLT

Fig. 3. 3-D illustration of the 2-D Morlet wavelet power spectrum of (a) the relative temperature perturbations during 28–30 June 2014 at (b) λz = 25 km and (c) T = 7.6 h. Three slice
planes in (b) are at t = 55 UT, z = 90 km, and T = 7.6 h, respectively. Locations of the three major wave packets with periods T ~ 7.6 h, T ~ 6.5 h and T ~ 3.4 h are marked with red
arrows. Three slice planes in (c) are at t = 55 UT, z = 90 km, and λz = 25 km, respectively. (d) 2-D top view of (b) in the unit of wave amplitude (%), showing how the wave period changes
with time at z = 90 km and λz = 25 km. (e) 1-D Morlet wavelet amplitude spectrum of the relative temperature perturbations during 28−30 June 2014 at z = 90 km (reproduced from
Fig. 4a in Chen et al. (2016a) for easier comparison).
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Fig. 5. (a) Life span and vertical profile of (b) vertical wavelength (λz), (c) vertical phase speed (Cz), (d) horizontal wavelength (λh), and (e) horizontal phase speed (Ch) and their errors
(horizontal bars) for each wave event on 28–30 June 2014 derived from the 2-D Morlet wavelet coefficients. Results for each event are denoted in different colors and markers as
indicated in the legend. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. The 2-D Morlet wavelet reconstruction of four major wave events during 28−30 June 2014 with periods of (a) 3.4 h, (b) 3.9 h, (c) 6.5 h, (d) 7.6 h and (e) the temperature
perturbation field reconstructed from combining the above four major wave packets.
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(Collins et al., 1996; Gardner and Voelz, 1987; Hall et al., 1995; Lu et al., 2015; Nicolls et al., 2010; Taylor et al., 1995; Walterscheid et al., 1999).
Therefore, 2-D wavelet methods are suitable for the identification of quasi-monochromatic atmospheric gravity waves in the middle atmosphere.
The wave packet nature of these reconstructed waves (i.e., amplitudes varying with time) matches a key character of gravity waves, i.e., they are
intermittent. The 2-D wavelet transform can handle this intermittency and can be used to differentiate wave packets.

Compared with the wave events extracted using the 1-D wavelet method in Chen et al. (2016a), the periods of major wave events were found to
be nearly identical, considering the period resolution in the wavelet spectral analysis ( > 0.5 h at T = 10 h), except that our 2-D program does not
discern the 10.6-h wave automatically, as its amplitude is comparable to the noise floor. The amplitude of each 2-D wave is smaller than its
counterpart in the 1-D case because the 2-D wavelet is not only selective in the frequency domain, but also the spatial domain. Therefore, the
amplitudes shown in the 2-D wavelet spectra represent only a finite λz band for the selected period band, unlike those in the 1-D wavelet spectra that
contain contributions from all λz, even including waves with upward phase progression. The selectivity in the spatial domain is an advantage of the
2-D wavelet and yields a more accurate reconstruction of the 2-D wave packet. The lifespan of each 2-D wave is shown in Fig. 5a. Compared to Chen
et al. (2016a), the lifespans of the 3.9 h and 7.6 h waves in this analysis are slightly longer, while lifespans of the 3.4 h and 6.5 h waves are found to
be marginally shorter. Due to the 2-D wavelet method's selectivity in the spatial domain, we believe that the 2-D wavelet results are more accurate.
Also, due to this selectivity, estimates of the λz are less biased than those from the 1-D case. As shown in Fig. 5b, λz ranges between 20 and 30 km,
except for the 3.4 h wave at upper altitudes. Compared with the results in Chen et al. (2016a), the new results show significant improvement in the
estimation of the λz for the 6.5-h waves. As shown in Fig. 5c, Cz ranges mostly between 1–2 m/s, comparable to Chen et al. (2016a). The errors of Cz

are determined from the 95% confidence levels of the fittings that are used to determine the derivatives of the phase lines. The errors of λz are then
derived using the error propagation law.

To provide some insight into the nature of these persistent gravity waves, we calculate the horizontal wavelength (λh) and horizontal phase speed
(Ch) using the gravity wave dispersion relationship for medium frequency waves (see Fritts and Alexander, 2012, 2003 for details). Since the
background winds are calm in winter ( < 7 m/s) at this height above McMurdo (Baumgaertner et al., 2005), it is reasonable to take ground-based
observed frequency ω as the intrinsic frequency ω̂, i.e., assume zero background wind. Then we have

⎛
⎝⎜

⎞
⎠⎟k ω f

N
m

H
= − + 1

4
,h

2
2 2

2
2

2 (38)

where kh is the horizontal wavenumber, m is vertical wavenumber, ω is the observed angular frequency of the wave, f is the Coriolis parameter,
H RT g= / is the density scale height calculated from the observed mean temperature T , the gas constant of dry air R, and the gravitational

Fig. 6. (a) Original relative temperature perturbations during 23–24 May 2014 and the 2-D wavelet reconstruction of three major wave events with periods of (b) 3.2 h, (c) 4.5 h, (d)
6.3 h, and (e) the temperature perturbation field reconstructed from combining the above three major wave packets.
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acceleration g, and N is the buoyancy frequency computed from T as
⎛
⎝⎜

⎞
⎠⎟N = +g

T
T
z

g
C

∂
∂ p

, where Cp is the specific heat capacity at constant pressure.

The above calculated λh and Ch are shown in Figs. 5d and e. The results show that the λh of these waves are ~1000–3000 km, and the Ch are mostly
above 60 m/s. The errors shown in the figures are derived from the errors of λz and then from the error propagation law.

We also applied the 2-D wavelet analysis and reconstruction to the ~37 h and ~45 h lidar runs of 23–24 May 2014 and 16–18 July 2014 (raw
relative temperature perturbations shown in Figs. 6a and 8a, respectively). For both lidar datasets, three wave events were identified automatically
and reconstructed using the above methods. Figs. 6b-d show the extracted wave packets of 23–24 May 2014, with periods of ~3.2 h, ~4.5 h and
~6.3 h, respectively, while Fig. 6e shows the reconstruction of the perturbations by combining these major wave events. There are two types of
temperature phase lines: two shorter-period (3.2-h and 4.5-h) waves show more vertical phase lines, while the 6.3-h wave shows more oblique
phase lines. The derived lifespans, λz, Cz, λh, and Ch are shown in Fig. 7a–e. The Cz of the 6.3-h wave is ~ 0.5 m/s, indicating that it is more
susceptible to atmospheric dissipation than the other two waves, which have shorter periods and faster phase speeds (Vadas, 2007; Vadas and
Fritts, 2005). The phase speed of the 3.2-h wave exhibits a large variation with altitude, which could be the result of a more variable background
wind condition. Fig. 8b–d show the extracted wave packets of 16–18 July 2014 with periods of ~3.6 h, ~4.8 h, and ~7.8 h, respectively, while Fig. 8e
shows the reconstruction from combining these major wave events. As with the May case, this July case also shows two types of temperature phase
lines, with the longer period wave exhibiting more oblique phase lines. The derived lifespans, λz, Cz, λh, and Ch for the July case are shown in
Fig. 9a–e. The phase speeds, as with the June case, exhibit fewer variations with altitude. In both the May and July cases, the phase lines of the
reconstructed 2-D waves generally show good agreement with the phase lines of the original temperature perturbations. May and July cases show
more dynamical wave field structures than the June case. These results indicate that, even in the same winter season, there may be significant
month-to-month variability in Antarctic MLT gravity wave activity. Overall, these persistent gravity waves have vertical wavelengths of 20–30 km,
vertical phase speeds of 0.5–2 m/s, and horizontal wavelengths of up to several thousands kilometers in the MLT region.

To summarize, the steps of our wave recognition methodology are as follows. First, the 2-D Morlet wavelet forward transform is applied to the 2-
D data by computing the wavelet convolution in the frequency domain, as in Eq. (25). The amplitude of the transform is used to calculate the power
spectrum, as in Eq. (27). Second, local maxima in the power spectrum are automatically identified and are selected based on their peak heights,
periods and λz. The contagious extensions of the selected peaks are determined, within which the complex wavelet forward transform coefficients
are recorded. Third, the 2-D Morlet wavelet inverse transform is then applied to reconstruct each quasi-monochromatic 2-D wave packet using the
recorded transform coefficients, as in Eq. (35). The reconstructed wave packet is for visualization and verification of our method, or can be used to
derive wave parameters using other methods (different than our approaches in the final step). Finally, the time span of the contagious extension is
taken as the lifespan of the wave packet. The phase of each wave is directly obtained from the phases of the recorded complex wavelet coefficients

Fig. 7. (a) Life span and vertical profile of (b) λz, (c) Cz, (d) λh, and (e) Ch and their errors (horizontal bars) for each wave event on 23–24 May 2014 derived from the 2-D Morlet wavelet
coefficients. Results for each event are denoted in different colors and markers as indicated in the legend. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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within that wave's contagious extension. The λz and Cz of each wave are derived from the wave phase. The λh and Ch are calculated based on the calm
wind assumption and the gravity wave dispersion relationship.

6. Discussion

Despite the prosperity of the 2-D wavelet transform and wave recognition methods as demonstrated above, there is still room for improvement.
First, it is necessary to investigate the sensitivity of the 2-D wavelet to measurement uncertainties and determine the significance levels for the 2-D
wavelet power spectra. For example, when using Fe as a tracer to measure temperature, the errors are largest at the upper and lower boundaries of
Fe layers due to the lower signal to noise ratio (SNR). Therefore, measurement uncertainties at upper and lower boundaries can cause false
detection of a 2-D wave packet. One solution to this is to weight the raw data by the inverse of their errors prior to the wavelet transform.
Nevertheless, effects induced by the measurement uncertainty are not significant since, in the current study, we have selected lidar data with high
SNRs. The second issue with extracting atmospheric waves from the raw relative temperature perturbations using the 2-D wavelet transform is that
it often favors waves occurring at higher altitudes. The exponential decay of atmospheric density with altitude causes the atmospheric wave
amplitude to increase with altitude. This feature makes the extraction of wave packets biased towards the waves at higher altitudes since their
amplitudes are larger than those at lower altitudes. This bias can be resolved if the raw data are weighted by the square root of the atmospheric
density at each altitude. Finally, the edge effect in the wavelet spectrum (see Torrence and Compo (1998) for details) yields smaller amplitudes at
the boundaries of the analysis region. Therefore, the reconstructed wave packets may have smaller amplitudes at the boundaries of the 2-D datasets.

Our method is based on the discretized CWT, which differs from another two common forms of wavelet transforms: the discrete wavelet
transform (DWT) and the orthogonal wavelet transform [see Daubechies (1992) for details]. For those who are not familiar with wavelets, they are
often confusing, and therefore it is worth to explain the differences. In a discretized CWT, we slide the time series quasi-continuously in small steps
with a step size independent of the wavelet scales. However, in a DWT, we slide the time series in large steps (skipping many elements in the series),
with a step size dependent on the scale, and do the wavelet transform only where the wavelet envelope almost no longer overlaps the previous
wavelet envelopes. Taking the 1-D wavelet as an example, a dilated and translated continuous 1-D wavelet ψ s t ψ( , ) = ( )

s
t t

s
1 ′ − will become

⎛
⎝⎜

⎞
⎠⎟ψ j n ψ( , ) =

s

t nt

s
1 ′ −

j j
0

0

0
in a discretized CWT, showing that the translation (at steps t nt= 0) has no dependence on the scale s j

0 . However, in a DWT,

the above dilated and translated wavelet will become
⎛
⎝⎜

⎞
⎠⎟ψ j n ψ( , ) =

s

t nτ s

s
1 ′ −

j

j

j
0

0 0

0
, where the translation depends on the scale s j

0 and is no longer quasi-

continuous. Consequently, higher-frequency wavelets are translated by smaller steps, while lower-frequency wavelets are translated by larger steps
in DWT (Daubechies, 1992). Such DWT provides less redundant description of the original time series than a CWT but not the least redundant
description. Only for very special choices of ψ, s0, and τ0, i.e., when ψ(j, n) are orthogonal and complete, can the redundancy be eliminated entirely.
Orthogonal wavelets (e.g., the Harr wavelet and Daubechies wavelet) give the most compact representation of the signal because it decomposes the
signal into a minimal number of independent coefficients (Meyers et al., 1993). Due to the extended tails of the Gaussian, it is not possible to
construct a truly orthogonal set for the Morlet wavelet. However, for the purpose of determining the precise period (T) or vertical wavelength (λz) of

Fig. 8. (a) Original relative temperature perturbations during 16–18 July 2014 and the 2-D wavelet reconstruction of three major wave events with periods of (b) 3.6 h, (c) 4.8 h, (d)
7.8 h, and (e) the temperature perturbation field reconstructed from combining the above three major wave packets.
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a wave, the Morlet wavelet based CWT is advantageous. Firstly, the redundancy of the CWT permits the analysis on a nearly continuous scale grid,
which in principle enables a more precise estimation of wave frequency, as opposed to the sparse grid used by the orthogonal wavelets. Secondly,
Morlet wavelet's relationship between s, θ and λz, T is straightforward and its capability of providing wave phase information allows for the
derivation of wave properties such as vertical wavelength and phase speed. Nevertheless, one caveat of the CWT is that it is highly correlated at
adjacent times and scales. In the case of two waves with very similar periods and close time spans, it is sometimes not possible to distinguish them
and obtain their correct amplitudes using a CWT. After all, Heisenberg uncertainty theorem (Δω Δt⋅ ≥ 1/2, where Δω represents the frequency width,
and Δt is the time width) limits the joint time and frequency resolutions of wavelets (Mallat, 1999). Therefore, the correctness of wave amplitudes
obtained from a CWT should be carefully checked when the input data contain two very similar waves (see Terradellas et al., 2001).

Generally speaking, tropospherically generated inertia-gravity waves (IGWs) are hard to propagate into the MLT region except those that could
go through the pipeline in the summer hemisphere (Sato et al., 2009). However, the above estimated Ch of these gravity waves in the MLT (generally
around 60–100 m/s) are much faster than those observed in the upper troposphere and stratosphere (typically < 20 m/s) (e.g., Guest et al., 2000;
Nastrm and Eaton, 2006; Sato and Yoshiki, 2008; Sato et al., 1997; Shibuya et al., 2015; Vaughan and Worthington, 2007). This suggests that these
IGWs could potentially survive the critical level filtering by the strong polar night jet in the winter stratosphere and lower mesosphere over
Antarctica. Sato and Yoshiki (2008) demonstrated that the IGWs observed in June were generated by spontaneous geostrophic adjustment of the
unbalanced polar night jet located in the stratosphere. This could be the generation mechanism of the IGWs observed at McMurdo during winter
seasons, however, the frequently observed summer IGWs (Chu et al., 2011b) cannot be explained by such mechanism, since such a jet is unlikely to
exist during the polar summer. Mayr et al. (2004), based on model simulations, suggest that the planetary-scale IGWs in the polar MLT with periods
between 9 and 11 h are excited by instabilities that arise in the zonal mean circulation. This could be another possibility of the wave source;
however, no clues as to the type of instability were provided.

7. Conclusions and outlook

The wavelet transform, a much newer development in applied mathematics than the well-known Fourier transform, possesses unique features
that are attractive to spectral analysis and extraction of waves in the atmosphere and ocean, because many waves are inherently intermittent, with
amplitudes, frequencies or wavelengths varying in time and space. However, many conventional wavelet transform codes, such as Torrence and
Compo (1998) and MATLAB codes cwtft() and cwtft2(), are biased in favor of low–frequency/large-scale waves. In this paper, we establish the
mathematical formalism of modified 1-D and 2-D Morlet wavelet transforms that will eliminate such bias and yield the correct wave amplitudes. We
start with a full mathematical description of the 1-D wavelet transform, its inverse transform, and its implementation to demonstrate the
construction of an unbiased 1-D wavelet transform based on its physical meaning. To ensure that the powers before and after the wavelet transform

Fig. 9. (a) Life span and vertical profile of (b) λz, (c) Cz, (d) λh, and (e) Ch and their errors (horizontal bars) for each wave event on 16–18 July 2014 derived from the 2-D Morlet wavelet
coefficients. Results for each event are denoted in different colors and markers as indicated in the legend. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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are equivalent, we divide the conventional 1-D wavelet power spectrum by its scale and by a correction factor of π. We then extend the 1-D wavelet
transform to two dimensions by rotation, dilation and translation with a full mathematical description, and define our unbiased 2-D wavelet
transform with the similar physical basis as in 1-D. Following that, we derive the theoretical relationship between wavelet scale/angle and Fourier
period/wavelength. Finally, the methodology of 2-D wavelet reconstruction in the time/space domain is formalized using a delta function.

Based on our modified 2-D Morlet wavelet transform and the reconstruction methods, we developed a wave recognition methodology to
automatically extract multiple quasi-monochromatic 2-D wave packets and derive their wave properties. Basically, each major wave packet is
recognized through automatically identifying the spectral peaks and determining their contagious extensions in the calculated 2-D wavelet power
spectrum. The complex wavelet transform coefficients within each selected peak extension are then used to reconstruct the wave packets for
visualization and verification, and to derive wave properties such as the periods, lifespan, λz, and Cz. The details of this methodology can be found in
Section 5.

The automated wave recognition methodology is then applied to three lidar datasets obtained in the winter of 2014 at McMurdo, Antarctica. The
results in the June case are largely similar to those obtained using the 1-D wavelet transform in Chen et al. (2016a), but show significant
improvement on the estimates of λz and phase speeds. The results in May and July provide additional evidence to confirm our conclusions in Chen
et al. (2016a) that these IGWs are persistent and dominant, and exhibit lifetimes of multiple days in winter. If we regard these wave events as a
group of waves with periods ranging between 3 and 10 h, then this wave group is perpetual. The three cases in the same winter show different
gravity wave features, suggesting the month-to-month variability in gravity wave activity in the Antarctic MLT. Applications of the 2-D Morlet
wavelet transform and wave recognition methods to those three cases demonstrate that our methods can faithfully extract wave packets with the
desired quasi-monochromatic features and are useful to extract gravity waves that are inherently intermittent.

There are many more potential applications in various science topics and fields for the 2-D Morlet wavelet transform and wave recognition
methods that we have developed. For example, such methods could be used to analyze satellite images (e.g., Gong et al., 2015; Zhao et al., 2015), or
airglow imager or temperature mapper data to identify 2-D gravity wave packets and estimate their momentum flux (e.g., Bossert et al., 2015; Chen
et al., 2016b; Pautet et al., 2016; Yuan et al., 2016). Furthermore, the Morlet wavelet is anisotropic and is therefore suitable to identifying quasi-
plane-wave packets. However, by implementing an isotropic wavelet function such as the Halo wavelet (e.g., Wang and Lu, 2010), 2-D wavelet
analysis and reconstruction can be used to identify and extract ring structures in concentric gravity waves (see details in Yue et al., 2009) on a
horizontal 2-D dataset. This is left as future work.
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Appendix A. Derivations of selected equations used in the paper

A.1. Derivation of Eq. (4)

We prove Eq. (4) by showing that the Fourier transforms of the both sides of Eq. (4) are equal. The Fourier transform of the left hand side (LHS)
with regard to t is

f ωFT[LHS] = ˆ ( ). (A.1)

The Fourier transform of the right hand side (RHS) with regard to t is
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Substituting (A.3) and (A.4) into Eq. (A.2), we obtain
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Eq. (A.5) reduces to (A.1), if ∫C ψ sω= ˆ ( ) < + ∞ψ
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Since the wavelet function ψ(t) is real, we have ψ ω ψ ωˆ ( ) = ˆ (− )2 2. Then (A.6) reduces to Eq. (3),
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A.2. Derivation of Eq. (8)

We first rewrite the RHS of Eq. (8) using the Parseval's theorem,
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For a real wavelet function ψ(t), we have proven that ∫C ψ sω= ˆ ( ) < + ∞ψ
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In the case of a complex wavelet function ψ(t) and a real f(t), we have
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Since ω > 0 in (A.8), by substituting χ = sω ≥ 0, we can rewrite (A.8) as
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However, ω < 0 in (A.9), by substituting γ = –sω ≥0 and ζ = –ω, we can rewrite (A.9) as

⎧⎨⎩
⎡
⎣⎢

⎤
⎦⎥

⎫⎬⎭∫ ∫πC
f ζ ψ γ dγ

γ
dζ1

2
ˆ (− ) ˆ (− ) .

ψ 0

+∞ 2

0

+∞
2

(A.11)
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⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥∫ ∫ ∫π

f ω dω
π

f ω dω f t dtRHS = 1
2

2⋅ ˆ ( ) = 1
2

ˆ ( ) = ( ) = LHS.
0

+∞ 2

−∞

+∞ 2

−∞

+∞
2

(A.13)

A.3. Relationship between wavelet scale and Fourier period

Substitute a cosine function f t A cos ω t φ( ) = ( + )1 1 1 with Fourier transform of

f ω πA δ ω ω e δ ω ω eˆ ( ) = [ ( − ) + ( + ) ]iφ iφ
1 1 1

−1 1 (A.14)

into Eq. (11).

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

∫ ∫P s t
C π

f ω e e dω
C π

πA δ ω ω e δ ω ω e e e dω

πA
C

e e e e

( , ) = 1
′

1
2

ˆ ( ) = 1
′

1
2

[ ( − ) + ( + ) ]

=
2 ′

+

f
ψ

sω ω
iωt

ψ

iφ iφ
sω ω

iωt

ψ

sω ω
i ω t φ

sω ω
i ω t φ

2 −∞

+∞ −( − )
2

2

2 −∞

+∞

1 1 1
−

−( − )
2

2

1
2

2

−( − )
2 ( + )

−( + )
2 − ( + )

2

0
2

1 1
0

2

1 0
2

1 1
1 0

2
1 1

(A.15)

Since s > 0, ω0 = 6 and we can assume ω1 > 0 without losing generality, the second term on RHS can be neglected (e e< ~1.5 × 10
sω ω−( 1+ 0)2

2 − −8ω0
2

2 ).
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P s t
πA
C

e( , ) =
2 ′f

ψ

sω ω1
2

2
−( − )1 0

2

(A.16)

To find the maximum value of Pf(s,t), we set the derivative of (A.16) with respect to s to zero and obtain

P s t
s

πA
C

sω ω ω e
∂ ( , )

∂
= −

′
( − ) = 0f

ψ

sω ω1
2

2 1 0 1
−( − )1 0

2

(A.17)

The only solution is s ω ω ω T π= / = /20 1 0 1 , where T1 is the Fourier period. The maximum value P s t( , )f is then equal to πA C/2 ′ψ1
2 2. By setting this

maxima equal to the signal's mean power (A /21
2 ), we obtain C π′ =ψ .

A.4. Derivation of Eq. (20)

Similar to the 1-D case, we prove Eq. (20) by showing that the Fourier transforms of the both sides of the Eq. (20) are equal. The Fourier
transform of the LHS with regard to t→ is

f ωFT[LHS] = ˆ (→). (A.18)

The Fourier transform of the RHS with regard to t→ is

⎪ ⎪
⎪ ⎪

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎤
⎦
⎥⎥

⎧
⎨
⎩

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
⎤
⎦
⎥⎥

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎫
⎬
⎭

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
⎤
⎦
⎥⎥

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

C s
W s θ t

s
ψ Ω t t

s
d t dsdθ

C s
f t

s
ψ

Ω t
s s

ψ
Ω t

s
dsdθ

C s
f ω

s
ψ

Ω t
s s

ψ
Ω t

s
dsdθ

FT[RHS] = 1 FT 1 ( , , →′) 1 → − →′ →′

= 1 FT 1 (→) ⊗ 1 * − →
⊗ 1 →

= 1 1 ˆ (→)FT 1 * − →
FT 1 →

.

ψ

π

fψ θ

ψ

π
θ θ

ψ

π
θ θ

0

2

0

+∞

−∞

+∞

−∞

+∞

3
−1

0

2

0

+∞

3

−1 −1

0

2

0

+∞

3

−1 −1

(A.19)

Now we rewrite
⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟
⎤
⎦⎥ψFT *

s
Ω t

s
1 − →

θ
−1

as

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
⎤
⎦
⎥⎥

⎛
⎝⎜

⎞
⎠⎟∫ ∫s

ψ
Ω t

s s
ψ tcosθ zsinθ

s
tsinθ zcosθ

s
e e dtdzFT 1 * − →

= 1 * − + , − − + .θ iωt imz
−1

−∞

+∞

−∞

+∞
− −

(A.20)

We change the variables (t, z) to a new set of variables (u, v),

u

v

= − ,

= .

tcosθ zsinθ
s

tsinθ zcosθ
s

+

−
(A.21)

Then Eq. (A.20) is rewritten as

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
⎤
⎦
⎥⎥

⎡
⎣⎢

⎤
⎦⎥

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

s
ψ

Ω t
s s

ψ u v e e t z
u v

dudv
s

ψ u v e e s dudv

sψ u v e e dudv s ψ u v e e dudv

s ψ sωcosθ smsinθ sωsinθ smcosθ s ψ sΩ ω

FT 1 * − →
= 1 *( , ) ∂( , )

∂( , )
= 1 *( , )

= *( , ) = ( , )
*

= [ ˆ ( + , − + )]* = [ ˆ ( →)]*,

θ isω vsinθ ucosθ ism usinθ vcosθ is ωcosθ msinθ u is ωsinθ mcosθ v

is ωcosθ msinθ u is ωsinθ mcosθ v is ωcosθ msinθ u is ωsinθ mcosθ v

θ

−1

−∞

+∞

−∞

+∞
− ( − ) ( + )

−∞

+∞

−∞

+∞
( + ) − ( − ) 2

−∞

+∞

−∞

+∞
( + ) − ( − )

−∞

+∞

−∞

+∞
− ( + ) − (− + )

−1 (A.22)

where t z
u v

∂( , )
∂( , ) is the determinant of the Jacobian Matrix. Similarly, we rewrite

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟
⎤
⎦⎥ψFT

s
Ω t

s
1 →

θ
−1

as,

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
⎤
⎦
⎥⎥s

ψ
Ω t

s
sψ sΩ ωFT 1 →

= ˆ ( →).θ
θ

−1
−1

(A.23)

Substituting (A.22) and (A.23) into Eq. (A.19), we obtain

∫ ∫ ∫ ∫C s
f ω s ψ sΩ ω dsdθ

C
f ω ψ sΩ ω ds

s
dθFT[RHS] = 1 1 ˆ (→) ˆ ( →) = 1 ˆ (→) ˆ ( →) .

ψ

π

θ
ψ

π

θ
0

2

0

+∞

3
2 −1 2

0

2

0

+∞
−1 2

(A.24)

Eq. (A.24) reduces to (A.18), if ∫ ∫C ψ sΩ ω dθ= ˆ ( →) < + ∞ψ
π

θ
ds
s0

2

0

+∞ −1 2
. We only need to prove that this condition is essentially the same as Eq.

(19) for any 2-D wavelet function ψ t(→). Rewriting the equation, by changing the variables (s, θ) to a new set of variables (x, y),

x s ωcosθ msinθ y s ωsinθ mcosθ= ( + ), = (− + ). (A.25)

Or equivalently, the transform is

s x y
ω m

θ arctan m
ω

arctan y
x

= +
+

, = ( ) − ( ).
2 2

2 2 (A.26)

Changing the variables, we obtain

∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫C ψ sΩ ω ds
s

dθ ψ x y
s

s θ
x y

dxdy ψ x y
s s ω

dxdy ψ x y
x y

dxdy= ˆ ( →) = ˆ ( , ) 1 ∂( , )
∂( , )

= ˆ ( , ) 1 1 = ˆ ( , )
+

.ψ

π

θ
0

2

0

+∞
−1 2

−∞

+∞

−∞

+∞
2

−∞

+∞

−∞

+∞
2

2 −∞

+∞

−∞

+∞ 2

2 2 (A.27)
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Under condition ∫ ∫C dxdy= < + ∞ψ
ψ x y
x y−∞

+∞

−∞

+∞ ˆ ( , )
+

2

2 2 , FT[LHS] = FT[RHS], and therefore we have proved Eq. (20).

A.5. Derivation of Eq. (21)

The Fourier transform of the LHS of Eq. (21) with regard to t→ is f ωˆ (→). The Fourier transform of the RHS with regard to t→ is

R

⎪ ⎪

⎪ ⎪

⎪ ⎪

⎪ ⎪
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∫ ∫
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d t dsdθ
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ψ

Ω t
s s

ψ
Ω t
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ψ
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ψ
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dθ f ω
C

ψ sΩ ω ds
s

dθ ψ sΩ ω ds
s
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C

ψ sΩ ω ds
s

dθ f ω
C
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FT[RHS] = 1 FT 1 ( , , →′) 1 → − →′ →′

= 1
2
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2
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θ θ
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3
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0 0

+∞

3

−1 −1 −1 −1

0 0
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(A.28)

Under condition ∫ ∫C dxdy= < + ∞ψ
ψ x y
x y−∞

+∞

−∞

+∞ ˆ ( , )
2( + )

2

2 2 , FT[LHS] = FT[RHS], and therefore we have proved Eq. (21).

A.6. Derivation of Eq. (23)

Similar to the 1-D case, we rewrite the RHS of Eq. (23) using the Parseval's theorem in two dimensions,

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫
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RHS = 1 ( , , →) 1 → = 1 ˆ ( , , →) 1 →

= 1 ˆ (→) ˆ *( →) 1 → = ˆ (→) ˆ ( →) →

= ˆ (→)
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A.7. Relationship between the 2-D wavelet angles and scales and the Fourier frequencies and vertical wavenumbers

Substitute a cosine function f t A cos ω t m z(→) = ( + )1 1 1 with Fourier transform of

f ω π A δ ω ω δ m m δ ω ω δ m mˆ (→) = 2 [ ( − ) ( − ) + ( + ) ( + )]2
1 1 1 1 1 (A.30)

into Eq. (24), we obtain

∫ ∫

∫ ∫

P s θ t
C π

f ω e e dω

C π
π A δ ω ω δ m m δ ω ω δ m m e e dω
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(A.31)

P s θ t( , , →)f reaches its maximum value π A C/ ′ψ
2

1
2 2 at s ω m ω= /( + )0

2
1
2

1
2 and θ tan m ω= ( / )−1

1 1 . By setting this maxima equal to the signal's mean power

(A /21
2 ), we obtain C π′ = 2ψ .
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