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1. The Runge-Katta Time Integration 
Scheme

• Low frequency modes are integrated 
using a third-order Runge-Katta
(RK3) scheme, seen below:

• Φ*, Φ** are intermediates to get to 
Φt+∆t

• R(Φt) are the non time-derivative 
remainders of

the governing equations from the 
model core.



1. The Runge-Katta Time Integration 
Scheme



2. Advection Terms

• Here are the advection 
equations:

Again they are solved using 
their discrete forms.



3. Spatial Differencing Schemes

• Take the discrete equation for 
scalar q:

where: 

• The (qx,adv)i - 1/2 term can be expanded 
by a Taylor expansion to include 
second through sixth order terms:

– Even order operators are spatially 
centered, and offer no implicit 
diffusion

– Odd order operators are not spatially 
centered, and will inherently 
diffuse.



4. Stability of the RK3 Scheme

• RK3 scheme allows for larger Courant 
number (i.e., larger stable grid 
spacing), than corresponding RK2 or 
leapfrog schemes.



5. a) Advection tests - One 
dimensional

• Tested using a smooth square pulse

• RK3 improves with higher order Taylor

• Leapfrog worse at 6th order, than 4th

• Not surprising, lower Courant numbers 
more accurate.

• There are implicit filters present in 
RK3



5. b) Advection tests - Two 
dimensional

• Tested using a Gaussian cone in a 
square domain.

• Low resolutions, RK3-6 and LF6 have 
smallest errors; high resolutions, 
LF has 70x larger errors than RK3-5 
and RK3-6 (faster convergence rate)



6. Conclusions from Wicker and 
Skamarock

• Maximum stable Courant numbers 
near 1 for three dimensional 
flows (1.61 for 1-D), but need 
the three iterations to 
complete a time step.

• They believe RK3 represents 
the best combo of accuracy and 
simplicity, with the largest 
possible time step.
– 3-D testing shows time steps 
up to 2x larger than 
corresponding leapfrog based 
time-split models.


