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Abstract

Calculation of internal gravity-wave ray paths in the atmosphere using a general three-dimensional ray tracing computer program
is discussed. To initialize a ray-path calculation, it is necessary to specify the initial values for the components of the wave vector
at the source so that the dispersion relation is satisfied. For acoustic waves, or for gravity waves in the absence of wind, there is no
ambiguity in determining the magnitude of the wave vector once the frequency and direction of propagation (wave-normal direction)
have been specified. For gravity waves with wind, however, it is necessary to solve a quartic equation to specify the magnitude
of the wavenumber. Two of the roots of the quartic reduce to the usual solutions in the absence of wind, and we designate these
roots as ‘ordinary waves.’ The two new roots (whose values approach infinity as the wind speed approaches zero), we designate as
‘extraordinary waves.’ A section contrasts the properties of the different gravity wave types.

Comparison with some previously published examples of ray-path calculations of gravity waves shows that those previous ex-
amples were actually extraordinary waves, but their significance was not recognized at that time.

In the absence of wind, gravity waves are restricted to a fan of propagation directions centered about horizontal propagation,
but asymptotic gravity waves (in the Bousinesq approximation) have a fixed propagation direction for a given frequency. In the
presence of a horizontal wind, however, the wave-normal direction is restricted to a fan of directions in the upwind direction, but
not in the downwind direction. The ray direction for upwind propagation has no restrictions. A short review of gravity wave theory
and the gravity wave dispersion relation is included.
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1. Introduction

Gravity waves are ubiquitous in the atmosphere because they
are generated by earthquakes, tsunamis, volcanic eruptions, se-
vere storms, and nuclear explosions, in addition to less spectac-
ular mechanisms (e.g. situations where the Richardson number
is less than 1/4). See, for example, the work by Stenflo (1986,
1987, 1991, 1996); Stenflo and Stepanyants (1995); Jurén and
Stenflo (1973) and the review by Fritts and Alexander (2003,
2012). Section 2 reviews the broad range of atmospheric grav-
ity wave generation mechanisms and their areas of practical im-
pacts.

Atmospheric gravity waves can be detected directly using ar-
rays of pressure sensors (e.g. Liu et al., 1982; Bedard, 1984;
Bedard et al., 2004; Bedard, 1982) or can be detected indirectly
by using Lidar measurements of temperature profiles (e.g. Chen
et al., 2013, 2016; Zhao et al., 2017; Chu et al., 2018) or by mea-
suring the effects of gravity waves in the ionosphere (Nekrasov
et al., 1995; Rolland et al., 2010; Makela et al., 2011; Hickey
et al., 2009; Artru et al., 2005) or troposphere (Arai et al.,
2011; Hickey et al., 2009). Gravity waves can also be de-
tected by radar, rocket soundings, and sattelites. In the case
of gravity wave propagation to the ionosphere, it is necessary
to consider the effect of the Earth’s magnetic field (Nekrasov

et al., 1995; Pokhotelov et al., 1996; Nekrasov et al., 1992;
Pokhotelov et al., 1994; Chmyrev et al., 1991; Pokhotelov et al.,
1998; Streltsov et al., 1990) and to use a dispersion relation for
magneto-acoustic-gravity waves (Ostrovsky, 2008; Jones et al.,
2017).

Determining the sources of atmospheric gravity waves and
understanding how atmospheric gravity waves are generated by
their sources is an area of active research. Using ray tracing to
help interpret the propagation of gravity waves helps in that en-
deavor and in part has motivated our work. For example, we are
using ray tracing to help interpret the gravity waves observed
by Lidar measurements of temperature profiles in Antarctica
(Chen et al., 2013, 2016; Zhao et al., 2017).

Section 3 discusses ray tracing, including giving the disper-
sion relation we used in our ray path calculations. Section
4 shows propagation effects of the Acoustic cutoff frequency
and the Brunt-Väisälä frequency. Section 5 discusses non-
asymptotic gravity waves. Section 6 shows how the ray tracing
program calculates the magnitude of the wave vector to initial-
ize the calculation of a ray path. In the presence of wind, there
is an additional difficulty in initializing wavenumber, because
in the presence of wind there are two types of waves, which
we refer to as “ordinary” and “extraordinary.” Section 7 shows
dispersion-relation diagrams for gravity waves with and with-
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out wind. The dispersion-relation diagrams for the extraordi-
nary waves are very different from those for the ordinary waves.
Section 8 shows the effect of including wind on the propagation
of gravity waves. Extraordinary wave ray paths are very differ-
ent from those for ordinary waves. Section 9 compares our ray
path calculations and analysis with gravity-wave ray-path cal-
culations of others. We show that some previously published
examples of gravity-wave ray paths are actually extraordinary
waves. Section 10 discusses properties of various gravity wave
types. Section 11 discusses meteorological applications of a
gravity wave ray tracing program. Section 12 gives some con-
cluding remarks.

2. Impact areas of atmospheric gravity waves

The areas listed below, with examples, reflect the broad im-
pacts of atmospheric gravity waves in terms of being gener-
ated by a rich variety of phenomena, initiating geophysical
events, and transferring energy, permitting interactions between
the lithosphere, atmospheric layers and the ionosphere. In ad-
dition, gravity waves can provide information for warning of
the existence of potential hazards (e.g. aircraft turbulence,
tsunamis). The lower atmospheric boundary layer involves in-
teracting wind shears, thermal plumes, turbulence, and gravity
waves- combining in complex interactions. At times lower level
wind shear, instabilities, and gravity waves can produce the ero-
sion of ground based inversions. In other situations thermal
plumes can dominate the boundary layer. During the noctur-
nal boundary layer gravity waves can control the near surface
dynamics.

In addition, many major field experiments have measured the
properties of atmospheric gravity waves using combinations of
remotes sensors and aircraft probes. The DEEPWAVE program
(Fritts et al., 2016) is a recent example of an extensive effort to
define gravity wave sources and effects in the lower and middle
atmosphere. Gravity wave ray trace programs could have a role
in helping to guide aircraft and remote sensing measurements.
Also, there exist large regional scale efforts to apply high den-
sity surface arrays e.g. the USARRAY (Tytell et al., 2016) and
also global arrays designed as part of an International Monitor-
ing System (IMS) for monitoring nuclear explosions (Christie
and Campus, 2009). Both these arrays have the ability to mea-
sure atmospheric gravity wave induced pressure changes. Grav-
ity wave ray tracing can assist in the interpretation of surface ar-
ray pressure measurements that can provide azimuth and phase
speed information.

2.1. Examples of Gravity Wave Generation Processes

• Convection (Deardorff et al., 1969; Vadas and Fritts, 2009;
Alexander, 1996; Choi et al., 2009; Fovell et al., 1992)

• Severe weather (Bowman and Bedard, 1971; Balachan-
dran, 1980; Curry and Murty, 1974; Nicholls and Pielke,
1994a,b; Taylor and Hapgood, 1988; Dewan et al., 1998;
Koch and Siedlarz, 1999)

• Large explosions, volcanoes (ReVelle, 2009)

• Mountain waves (Schoeberl, 1985; Eckermann and
Preusse, 1999; Lott and Millet, 2009)

• Terrain forcing (Nappo, 2002)

• Sudden stratospheric warming (Gerrard et al., 2011)

• Fronts (Wrasse et al., 2006; Lin and Zhang, 2008;
Plougonven and Zhang, 2014)

• Jets (Suzuki et al., 2013)

• Sea wave forcing (Vadas et al., 2015)

• Geomagnetic activity (Chimonas and Hines, 1970; Testud,
1970)

• Solar eclipse (Chimonas and Hines, 1970)

2.2. Examples of gravity waves in the atmospheric boundary
layer

• Gravity waves associated with wind shear induced insta-
bilities (Pramitha et al., 2015)

• Gravity waves associated with temperature inversions
(Williams et al., 2002; Bedard et al., 1981; Cunningham
and Bedard, 1993)

• Gravity waves associated with the atmospheric boundary
layer (Einaudi et al., 1989)

• Gravity waves and boundary layer rolls (Li et al., 2013)

• Gravity waves associated with convective plumes (Vadas
and Fritts, 2009)

2.3. Examples of gravity wave initiation of geophysical events

• Severe storm initiation (Uccelini, 1975; Su and Zhai,
2017)

• Sea surface excitation (Šepić et al., 2015)

• Aircraft turbulence (Bedard et al., 1986)

• Modulation of gust surges (Belušić et al., 2004)

2.4. Examples of gravity wave energy transfer

• Atmospheric general circulation models (Lott and Millet,
2009; Alexander et al., 2010; Kim et al., 2003)

• Convectively generated gravity waves (Alexander, 1996)
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2.5. Examples of possible gravity wave applications for hazard
warning and characterization

• Earthquakes (Mikumo and Watada, 2009)

• Tsunamis (Mikumo and Watada, 2009)

• Meterological Tsunamis (Šepić et al., 2015)

• Earthquake precursors (Lognonné, 2009)

• Tropical Cyclones (Hung and Kuo, 1978; Hung and Smith,
1978; Kim et al., 2009; Hoffmann et al., 2018; Tratt et al.,
2018)

• Tornadic storms (Hung et al., 1979)

• Aircraft turbulence (Bedard et al., 1986)

2.6. Examples of gravity waves affecting the middle atmo-
sphere

• (Baumgarten, 2010; Dörnbrack et al., 2017; Gerrard et al.,
2004; Krisch et al., 2017)

3. Ray tracing

Ray tracing is a practical method for calculating the ray-
theory or WKB approximation for the propagation of waves
in a specified medium. Jones (1996) reviews the conditions for
the validity of ray theory and the WKB approximation. Simple
tests based on the wavelength of the waves are often inaccurate
estimates for the validity of the WKB approximation.

Ray tracing has been used for many years to calculate the
propagation of internal gravity waves in the atmosphere (e.g.
Eckermann, 1992; Shutts, 1998; Broad, 1999). The propaga-
tion of gravity waves in the atmosphere can be calculated us-
ing a ray tracing program based on Hamilton’s equations (e.g.
Slater and Frank, 1947, p. 74) if the dispersion relation is used
as the Hamiltonian. The usual barotropic dispersion relation for
acoustic-gravity waves (which includes both acoustic and grav-
ity waves) is (Eckart, 1960, eq. (51-2), p. 125)(Gossard and
Hooke, 1975, eq. (23-7), p. 112)
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H is the density scale height, N is the Brunt-Väisälä frequency,
C is sound speed, ωa is the acoustic cutoff frequency, Γ ≡

∇ρ/(2ρ)−∇p/(ρC2) is the vector generalization of Eckart’s co-
efficient, ρ is density, p is pressure,

ωi = ω − k · U = ω −Ckα (3)

1Equation (2) is consistent with kA ≡ ∇ρ/(2ρ), where ρ is density.

is the intrinsic frequency, where α ≡ k · U/(Ck) is a dimension-
less variable that gives the effect of the wind and wave-normal
direction relative to the wind direction. ω is the wave frequency,
U is the background wind velocity, k is the wavenumber, kz is
its vertical component, kx and ky are its horizontal components,
and Ωz is the vertical component of the Earth’s angular velocity.

The dispersion relation (1) applies to any perfect fluid, such
as the ocean or atmosphere. It applies to acoustic waves when
the intrinsic frequency ωi is above the acoustic cutoff frequency
ωa (where compressibility is the dominant restoring force), and
to internal gravity waves when the intrinsic frequency ωi is be-
low the Brunt-Väisälä frequency N (where buoyancy from the
Earth’s gravitational field is the dominant restoring force).

There is a frequency gap between those two frequencies
where all waves are evanescent. Because gravity waves and
acoustic waves are separated by a frequency gap, it is always
clear how to distinguish between an acoustic wave and a grav-
ity wave. If the intrinsic frequency is above the acoustic cut-
off frequency, then it is an acoustic wave. If the intrinsic fre-
quency is below the Brunt-Väisälä frequency, then it is a grav-
ity wave. This is true, even though gravity waves close to the
Brunt-Väisälä frequency have some effect from compressibility
as a restoring force and acoustic waves near the acoustic cutoff

frequency have some effect from gravity as a restoring force.
Nearly all of the waves considered here are gravity waves. The
dispersion relation (1) can be generalized to include barocli-
nicity (Jones, 2001, 2012), vorticity, and rate-of-strain (Jones,
2005, 2008a, 2006, 2008b). Even though the dispersion relation
(1) is locally isothermal, it is the correct dispersion relation to
be used in a ray-tracing program for calculating WKB approx-
imations to the appropriate wave equation (Weinberg, 1962).

For pure gravity waves, we could neglect the ω2
i /C

2 term in
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2003, eq. 23)(

ω2
i − 4Ω2

z

) (
k2

z + k2
A

)
−

(
k2

x + k2
y

) (
N2 − ω2

i

)
= 0 . (4)

In the ray path calculations presented here, however, we ne-
glect instead the Coriolis term in (1) and set the Hamiltonian H
equal to the dispersion relation to give (Hines, 1960, eqs. 21
and 21′)
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The Hamiltonian H depends implicitly on position and time
through the dependence of temperature, pressure, density, etc.
on position and time. In addition, the Hamiltonian depends ex-
plicitly on the frequency and components of the wave vector
k. The ray path is then calculated using Hamilton’s equations.
Hamilton’s equations in Cartesian coordinates in four space-
time dimensions are:

dxi

dτ
=
∂H
∂ki

, i = 1→ 3, (6)
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= −
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, (7)
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=
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∂t
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Equation (6) gives the progression of the ray. Equation (7)
gives the pulse travel time. Equation (8) gives refraction of the
ray by changing the components of the wave vector k. Equa-
tion (9) gives the frequency shift of the ray due to propagating
in a time-varying medium. The meaning of the parameter τ de-
pends on the particular version of the dispersion relation used
for the Hamiltonian. Hamilton’s equations guarantee that the
Hamiltonian (and therefore, the dispersion relation) will remain
unchanged along the ray path. The CIRES/NOAA ray tracing
program uses Hamilton’s equations in Earth-centered spherical
polar coordinates.

Examination of (5) shows that in the absence of wind, wave-
normal propagation directions for gravity waves (that is for fre-
quencies below the Brunt-Väisälä frequency) are restricted to
the fan of angles that are less than cos−1 ωi/N from the hori-
zontal. This can be seen qualitatively in figures 9 and 10 in
Hines (1960).

For pure gravity waves, we can neglect the ω2
i /C

2 term in
(5), and in addition, if we make the Bousinesq approximation
by neglecting the k2

A term, we get (Hines, 1960, eq. 33)
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Equation (10) is an approximate dispersion relation for gravity
waves that are usually called asymptotic gravity waves. As can
be seen, asymptotic gravity waves have wave-normal directions
only at ± cos−1 ωi/N from the horizontal. Whereas asymptotic
gravity waves have a fixed propagation direction for a given
frequency, gravity waves in general are restricted only to a fan
of propagation directions.

An asymptotic gravity wave interpretation of the sequence
of arrival and frequencies of ionospheric disturbances from a
nuclear explosion is consistent with many observations (Hines,
1967). Chang (1972) verified the use of Hines asymptotic ap-
proximation for gravity waves associated with traveling iono-
spheric disturbances. In addition, laboratory measurements
(Mowbray and Rarity, 1967) verified that asymptotic gravity
waves are directed to higher elevation angles as the wave fre-
quency approaches the Brunt-Väisälä frequency. In their exper-
iments the wavelengths of the waves generated were approxi-
mately the scale of the diameter of the cylindrical driver. Ad-
ditional experiments (e.g. McLaren et al., 1973; Hurley, 1969)
verified the results of Mowbray and Rarity (1967). In all these
experiments data were taken at essentially a single wavelength.
A range of wavelengths at a given frequency is possible for
asymptotic gravity wave generation. The excitation of asymp-
totic gravity waves can occur over a wide range of atmospheric
forcing function scale sizes and can explain why it is often ap-
plied in analyzing measurements and model computations.

However, because there are many situations where the
asymptotic approximation is not valid, the calculations here use

(5) for the dispersion relation. The CIRES/NOAA acoustic-
gravity wave ray tracing computer program used for these cal-
culations is a general three-dimensional ray tracing program
for calculating acoustic-gravity waves in the atmosphere (de-
scribed in Bedard and Jones, 2013; Jones and Bedard, 2015)
based on an earlier program HARPA for calculating the propa-
gation of acoustic waves (Jones et al., 1986a,b; Georges et al.,
1990). The ray tracing program calculates ray paths by inte-
grating Hamilton’s equations in Earth-centered spherical polar
coordinates (Jones et al., 1986a, pp. 89-91).

Jones (1996) reviews the practical aspects of ray tracing,
the WKB approximation, and the limits of geometrical op-
tics to calculate wave propagation in the atmosphere. Al-
though the WKB approximation was given its present name
after 1926 (Wentzel, 1926; Kramers, 1926; Brillouin, 1926),
the method was discovered earlier (Liouville, 1836, 1837a,b;
Rayleigh (John William Strutt), 1912; Jeffreys, 1923).

There are several ray tracing programs for calculating the
propagation of acoustic and/or gravity waves (e.g., Marks and
Eckermann, 1995; Preusse et al., 2008; Muraschko et al., 2013;
Cowling et al., 1971; Broutman et al., 2004; Georges, 1971;
Vadas and Fritts, 2009), including some programs that can cal-
culate the effects of winds and dissipation.

There are several ways to initialize the ray parameters at the
source, and all of the ways are equally valid, with it being
purely a personal choice to choose one method over another.

• In the CIRES/NOAA ray tracing program, the user
chooses the frequency and wave-normal direction, and the
program uses the dispersion relation to determine the mag-
nitude of the wave number k.

• Another possibility (possibly used by some ray tracing
programs) is to choose the frequency and horizontal com-
ponents of the wave number k, and let the program deter-
mine the vertical component of the wavenumber from the
dispersion relation.

• Still another possibility (Georges, 1971) is to choose the
wave-normal direction and the magnitude of the wave
number k or total wavelength, and let the program deter-
mine the frequency from the dispersion relation. Section
9 shows that the ray paths Georges (1971) gave as exam-
ples are what we here classify as “extraordinary rays.” The
ordinary and extraordinary waves referred to here are not
related to the “ordinary viscous waves” or the “extraordi-
nary viscous waves” referred to by Volland (1969), Hickey
and Cole (1987), or Ma (2016).

Jones (1969) points out a distinction between gravity waves
that are propagating and gravity waves that are merely advected
with the mean wind. Marks and Eckermann (1995) use their
ray tracing program to compare turbulent diffusivity with scale-
dependent infrared radiative damping. Preusse et al. (2009)
compare their ray path calculations with measured global maps
of gravity waves. Vadas and Fritts (2005) and Vadas (2007) in-
clude damping effects of kinematic viscosity and thermal diffu-
sivity in the thermosphere in their ray path calculations. Vadas
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and Fritts (2009) use ray tracing to reconstruct the gravity wave
field from convective plumes. Ding et al. (2003) include vis-
cosity and thermal conductivity in their ray path calculations.
Although the dispersion relation for acoustic-gravity waves is
not unique, the resulting WKB approximations from using the
various dispersion relations will differ by an amount that is less
than the error in the WKB approximations (Einaudi and Hines,
1970; Weinberg, 1962; Jones, 2006). A ray will pass through
a critical layer whenever the phase velocity equals the wind
velocity, which is equivalent to the intrinsic frequency passing
through zero. Booker and Bretherton (1967) show that waves
passing through a critical level are attenuated by an amount that
depends on the Richardson number. None of the ray paths in the
examples presented here passed through a critical level.

4. Acoustic cutoff frequency and Brunt-Väisälä frequency

To illustrate the effect of the Acoustic cutoff frequency and
Brunt-Väisälä frequency on propagation, we consider some ex-
amples.

The acoustic cutoff frequency profile and Brunt-Väisälä fre-
quency profile are determined indirectly by the temperature
profile, and directly by the pressure and density profiles. The
latter are determined from the temperature profile through the
equation of state and hydrostatic equilibrium.

As an example, we use the temperature profile in figure
1, but if we were making ray-path calculations to interpret
measurements, we would use more realistic models such as
those available from the NRLMSISE-00 Atmosphere Model
(NRLMSISE-00, Community Coordinated Modeling Center,
2016) or from measurements (e.g. Chu et al., 2011). For the
temperature profile in figure 1, we get the acoustic cutoff fre-
quency profile shown in figure 2, and the Brunt-Väisälä fre-
quency profile shown in figure 3. Combining figures 2 and 3
illustrates the frequency gap shown in figure 4.

Figure 4 shows that a frequency of 0.0032 Hz should be
above the acoustic cutoff frequency at a height of 10 km. Con-
firming that, figure 5 shows that 0.0032 Hz waves launched at
that height are reflected a little below 11 km. These are acoustic
waves.

Figure 4 also shows that a frequency of 0.00249 Hz should
be below the Brunt-Väisälä frequency between the heights of
about 10 and 60 km. Confirming that, figure 6 shows that a
0.00249 Hz wave is ducted between those two heights. This is
a gravity wave. Only one gravity wave is shown here, because
other wave-normal directions (outside of only a very narrow
range) correspond to waves whose frequency is greater than
the Brunt-Väisälä frequency, and are therefore evanescent at
the source. We would see more waves propagate if we were
to lower the frequency. The ray in figure 6 represents a guided
gravity wave that is trapped in the 10-to-60-km height range.

Figure 7 gives an example of a lower frequency (0.00125 Hz)
where gravity waves for a larger range of transmission direc-
tions can propagate. The source is at a height of 5 km. The
elevation angle of transmission is stepped from 10◦ degrees to
90◦ in steps of 5◦, but waves for elevation angles of transmission

Figure 1: 1962 Standard Atmosphere temperature profile used for all of the
ray-path calculations presented here except for the calculations used for com-
parison with other work in figures 18 and 19. For these calculations, we had no
longitude or latitude dependence of temperature.

Figure 2: Acoustic cutoff frequency profile from the temperature profile in fig-
ure 1. The acoustic cutoff frequency, ωa, is calculated from ωa = CkA =

C|∇ρ|/(2ρ), where C is sound speed, and ρ is density (Jones, 2005, 2006).
(Color online)
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Figure 3: Brunt-Väisälä frequency profile from the temperature profile in figure
1. For the general case of a perfect fluid, such as the ocean or the atmosphere,
the Brunt-Väisälä frequency, N, is given by N2 = g̃ · ∇ρ̃pot/ρ = g̃ · (∇ρ −
∇p/C2)/ρ, where ρ̃pot is local potential density, ρ is density, p is pressure,
C is sound speed, and g̃ = ∇p/ρ is the effective acceleration due to gravity
(Jones, 2005, 2006). For the special case of the atmosphere, N is also given by
N2 = −g̃ · ∇θ/θ, where θ is potential temperature. (Color online)

Figure 4: Acoustic cutoff frequency and Brunt-Väisälä frequency profiles from
the temperature profile in figure 1 (Color online)

Figure 5: Acoustic waves, f= 0.0032 Hz (above the acoustic cutoff frequency
below about 10.8 km), source height is 10 km. The rays that stop at the top
would reflect and return to the ground if we had continued the ray-path calcu-
lations.

Figure 6: Gravity wave, f= 0.00249 Hz, below the Brunt-Väisälä frequency
between 10 and 60 km, source height is 10 km. The vertical component of the
wave-normal vector is zero at the reflection height. Notice the similarity of the
cusps in the ray path with the cusps in the ray paths in Figure 80 of page 336
in Lighthill’s book (Lighthill, 1978). Lighthill refers to the reflection height
as a “critical level,” but uses the terminology “special type of critical level” to
refer to what is usually referred to as a “critical level” (i.e., where the phase
velocity equals the wind velocity, which is equivalent to the intrinsic frequency
passing through zero). Although this gravity wave may not be an asymptotic
gravity wave, it becomes an asymptotic gravity wave at the upper and lower
reflections points, where the wave-normal direction is nearly horizontal and the
ray direction is nearly vertical. Reflection occurs in this case at the heights
where the Brunt-Väisälä frequency is nearly equal to the wave frequency.
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Figure 7: Gravity waves without wind, f= 0.00125 Hz. Elevation angle of trans-
mission varies from 10◦ to 50◦ in steps of 5◦. That fan of rays correspond to
wave-normal directions that are less than cos−1 ωi/N from the horizontal, for
which propagation is possible. The waves are evanescent for elevation angles of
transmission equal to 55◦ and above. The source height is 5 km. The distance
between tick marks on the horizontal axis is 500 km. The 10◦ elevation-angle
ray reaches an apogee of 407 km at a range of 622 km in 2.35 hours, and has
a wavelength at the source of 161 km. The 50◦ elevation-angle ray reaches
an apogee of 425 km at a range of 482 km in 5.46 hours, and has a wave-
length at the source of 44 km. These gravity waves are not asymptotic gravity
waves at the source because a fan of wave-normal directions are possible, but
they become asymptotic gravity waves at the upper reflections point, where the
wave-normal direction is nearly horizontal and the ray direction is nearly ver-
tical. Reflection occurs in these cases at the height where the Brunt-Väisälä
frequency is nearly equal to the wave frequency.

of 55◦ and higher are evanescent. The rays for which transmis-
sion is possible correspond to wave-normal directions that are
less than cos−1 ωi/N from the horizontal. That the wavelengths
at the source of the waves in figure 7 are large does not neces-
sarily indicate either a breakdown in ray theory or large errors
in the WKB approximation. Estimating the errors in the WKB
approximation involves locating turning points of the rays, cal-
culating the size of the Airy regions around the turning points,
recognizing possible overlaps of Airy regions, and determing if
there are any singularities close to turning points (Jones, 1996).
Figure 7 has empty space on the left because we chose to plot
figures 7, 12, and 13 on the same scale for easy comparison.

5. Non- Asymptotic Gravity Waves

Non-asymptotic waves for a given frequency can be beamed
over a range of elevation angles and a fan of angles can result.
These occur at the longer wavelength segments of dispersion
relation diagrams. Near the nose of the dispersion relation di-
agrams interactions of the wave normal with the diagram can
produce a range of ray directions, limited by the asymptotic
approximation angle. Many simulations and measurements of
gravity waves above convection and frontal systems have ob-
tained fan-like patterns of launch angles. For example, Holton
and Alexander (1999) studied gravity waves in the mesosphere
generated by tropospheric convection. They predicted fan-like

distributions of gravity waves with higher frequencies at about
a 45 degree launch angle and the lower frequencies at more
horizontal launch angles. A broad spectrum of gravity waves
was generated from about 20 to 200 km wavelengths and from
about 10 to 100 minute periods. Wang et al. (2017) in a model
simulation of a front system obtained a fan-like pattern of grav-
ity waves propagating in the upstream direction. Fovell et al.
(1992) in their model simulations of gravity waves by convec-
tion have obtained fans of angles. They applied the asymp-
totic approximation interpreted as simultaneous forcing at sev-
eral frequencies to explain their results.

6. Initializing a ray path calculation for a specified fre-
quency and direction of propagation

In the CIRES/NOAA ray tracing program, the user chooses
the frequency and wave-normal direction, and the program uses
the dispersion relation to determine the magnitude of the wave
number (k = 2π/λ) to initialize the ray at the source. In the
absence of wind, the dispersion relation (5) gives a simple for-
mula to determine the magnitude of the wave-number. When
there is wind, however, the dispersion relation (5) gives a quar-
tic equation to determine the magnitude of the wave-number.
It is then necessary to decide which of the four roots of that
quartic equation will give the desired ray path. The following
discussion addresses that problem, and in the process, finds it
useful to differentiate between two kinds of waves, which we
refer to as “ordinary” and “extraordinary.”

In ray tracing programs that use other methods for initial-
izing a ray-path calculation, it is possible that a quartic equa-
tion is not encountered in the initializing process, so that the
distinction between the two kinds of waves that we character-
ize as ordinary and extraordinary was not previously discov-
ered. For example, if the frequency and the horizontal com-
ponents of the wavenumber are chosen, it is not necessary to
solve a quartic equation to initialize the ray path calculation.
For pure gravity waves, if the wave-normal direction and the
magnitude of the wavenumber are chosen, it is also not neces-
sary to solve a quartic equation to initialize the ray path calcula-
tion, but for acoustic-gravity waves, it would still be necessary
to solve a quartic equation. However, the existence of ordinary
and extraordinary gravity waves does not depend on the method
of initializing a ray-path calculation, as can be seen from the
dispersion-relation diagrams in section 7.

Examination of the dispersion relation (5) shows that the
wavenumber for acoustic waves varies from zero at the acoustic
cutoff frequency to infinity at infinite frequency in the absence
of wind. Including wind complicates the situation, as is demon-
strated later.

Similarly, the wavenumber for gravity waves varies from a
small value to infinity in the absence of wind. Including wind
(as will be shown later) separates solutions of the dispersion
relation into separate branches, where the wavenumber can be
infinite in some branches, but not others.

Substituting (3) into (5) and rearranging terms gives a quartic
equation to determine k when given the wave frequency ω and
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the wave-normal direction.

(1 − α2)α2(Ck)4 − 2ωα(1 − 2α2)(Ck)3

+
[
(1 − 6α2)ω2 + (ωaα)2 −

(
k2
⊥/k

2
)

N2
]

(Ck)2

+2ωα(2ω2 − ω2
a)Ck − ω2(ω2 − ω2

a) = 0 , (11)

where k2
⊥ ≡ k2

x + k2
y is the square of the horizontal component

of the wave vector, we have used k2 = k2
z + k2

⊥, ωa = CkA

is the acoustic cutoff frequency, and notice that the quantity
k2
⊥/k

2 depends only on the wave-normal direction. Although
by definition, k is positive, (11) can have negative roots. The
negative roots are referred to here as extraneous roots. The
extraneous roots are not physical, and the CIRES/NOAA ray
tracing program ignores them. Table 1 summarizes conditions
under which various waves are propagating, evanescent, or ex-
traneous. Ray-path calculations are made for only propagating
waves.

Eckermann (1997, eq. 29) similarly develops a quartic for-
mula, but for the vertical wavenumber rather than the magni-
tude of the wavenumber, and neglects the acoustic term rather
than the Coriolis term, but then makes an approximation to give
a quadratic equation.

When calculating ray paths with the CIRES/NOAA ray trac-
ing program, the height, longitude, and latitude of the source,
the wave frequency, and the wave-normal direction are speci-
fied as input parameters. That determines the coefficients for
the quartic equation (11). In addition, we specify in the input
data whether we want to calculate an ordinary ray, an extraor-
dinary ray, or one of the four quartic roots as root 1, 2, 3, or 4.
The program then solves the quartic equation to find the four
solutions of (11), and chooses (based on the input data)2 one
of those four solutions to begin the ray path calculations. Since
the wave-normal direction at the source is known, choosing one
of the four values for k allows all three components of the wave
vector k to be determined at the source. From that point on,
numerically integrating Hamilton’s equations gives the ray lo-
cation and all three components of the wave vector k along the
ray.

To give insight into the propagation, it is useful to under-
stand the meaning of the four roots of the quartic. Wind speed
is normally much smaller than the sound speed C, so that the di-
mensionless parameter α is also small. By seeing the behavior
of the quartic equation as α approaches zero, we can under-
stand the significance of the four roots. More detail is given in
subsections 6.1, 6.2, and 6.3.

6.1. Ordinary waves
All of the ray path calculations presented here use the full

dispersion relation (5), which is then equivalent to (11). How-
ever, we here make some approximations to (11) to give insight
into the nature of the ordinary and extraordinary waves.

2Specifically, a value of 1, 2, 3, or 4 for the value of a particular input pa-
rameter means to choose root 1, 2, 3, or 4, a value of zero for that parameter
means to choose a root that corresponds to an ordinary wave, a value of -1 for
that parameter means to choose the root that corresponds to a small extraordi-
nary wave, and a value of -2 for that parameter means to choose the root that
corresponds to a large extraordinary wave.

We define an ordinary wave as the wave that would exist in
the absence of wind. Therefore, to find approximate roots of
(11) for the ordinary wave for small wind speed, we neglect
terms in (11) that would not contribute to approximate solutions
of (11) to first order. This gives a quadratic equation to give an
approximate formula for k:[

ω2 −
k2
⊥

k2 N2
(
1 + 2Ckα

ω

)]
(Ck)2

+2ω3αCk − ω2(ω2 − ω2
a) ≈ 0 . (12)

An approximate solution of (12) to lowest order in α is

k ≈
ω

C

√√
ω2 − ω2

a

ω2 −
k2
⊥

k2 N2
−
ωα

C

ω4 −
k2
⊥

k2 N2
(
2ω2 − ω2

a

)
(
ω2 −

k2
⊥

k2 N2
)2 . (13)

The CIRES/NOAA ray tracing program uses a numerical so-
lution of the full quartic equation (11) to initialize a ray path
calculation. The ray tracing program does not use the approxi-
mate formula (12) at all. Equation (12) is used here only to give
insight into the propagation.

6.2. Extraordinary waves

The wavenumbers for the extraordinary wave are the large
roots of the quartic equation (11). For these large roots, we
look for solutions where Ckα is finite as α approaches zero. To
first order in α, only the first three terms in (11) contribute to the
solution for finite Ckα. To show that, we divide (11) by (Ck)2

to give

(1 − α2)(Ckα)2 − 2ω(1 − 2α2)(Ckα)
+

[
(1 − 6α2)ω2 + (ωaα)2 −

(
k2
⊥/k

2
)

N2
]

+α2
[
2ω(2ω2 − ω2

a)Ckα − ω2(ω2 − ω2
a)
]
/(Ckα)2

= 0 . (14)

To find an approximate solution of (14) for Ckα to first order in
α, we neglect α2 in (14) to give

(Ckα)2 − 2ω(Ckα) +
[
ω2 −

(
k2
⊥/k

2
)

N2
]
≈ 0 . (15)

Equation (15) has the solutions

k ≈
ω ± (k⊥/k)N

Cα
=
ω ± (k⊥/k)N

k · U/k
. (16)

Notice that these two roots approach infinity as the wind speed
approaches zero.3 (That is, the wavelength approaches zero as
the wind speed approaches zero.) Notice that the intrinsic fre-
quency for the solution given in (16) is given byωi = ∓(k⊥/k)N.
That corresponds to an asymptotic gravity wave, which explains
why there are no extraordinary acoustic waves. To find the next
order approximate solution of (14) for small α, we could sub-
stitute the solution in (16) back into the last term in (14), and
again solve the resulting quadratic equation in Ckα.

3However, when the wind speed equals zero, these two roots disappear be-
cause (11) then changes from a quartic equation to a quadratic equation.
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Table 1: Categories of the roots of the quartic equation that determines the magnitude of the wavenumber. The four roots are assumed to be ordered from left to
right in increasing value of the real part of the root. Thus, Root 1 is the largest negative root, while Root 4 is the largest positive root. nsol is the number of real
roots. It is clear from figures 9, 10, and 11 that the number of real roots is 2 or 4 and that two roots of the quartic have negative real parts and two roots have positive
real parts. When there are only two real roots, propagation in the upwind direction is evanescent, and propagation in the downwind direction is possible only for the
two types of extraordinary wave. k·u is positive for downwind propagation, negative for upwind propagation. Extraneous roots are roots with negative wavenumber.
The extraneous roots are not physical and are not used. The ray tracing program uses the information in this table to decide whether to make a ray-path calculation.
The program does not calculate a ray path for extraneous roots or for waves that are evanescent at the transmitter.

Extraneous Roots (not used) Wanted Roots
(Real part < 0) (Real part > 0)

Root 1 Root 2 Root 3 Root 4
nsol k · u Propagating Evanescent Propagating Evanescent Propagating Evanescent Propagating Evanescent

4 < 0 Large Small
Extraordinary Ordinary Ordinary Extraordinary

2 < 0 Large Small Small
Extraordinary Extraordinary Ordinary Extraordinary

4 > 0 Small Large
Extraordinary Ordinary Ordinary Extraordinary

2 > 0 Small Small Large
Extraordinary Ordinary Extraordinary Extraordinary

The CIRES/NOAA ray tracing program uses a numerical so-
lution of the full quartic equation (11) to initialize a ray path
calculation. The ray tracing program does not use the approxi-
mate formula (16) at all. Equation (16) is used here only to give
insight into the propagation.

For the case where the wind is horizontal and the azimuth
direction of propagation is exactly upwind or downwind, we
can write (16) as

k =
ω ± N(k⊥/k)

Uk⊥/k
. (17)

For downwind propagation at an angle θ from the horizontal,
this gives

k =
ω ± N cos θ

U cos θ
, (18)

where the upper sign corresponds to the large extraordinary ray,
and lower sign corresponds to the small extraordinary ray. For
upwind propagation at an angle θ from the horizontal, this gives

k =
ω ∓ N cos θ
−U cos θ

, (19)

where the upper sign corresponds to the small extraordinary ray,
and lower sign corresponds to the extraneous large extraordi-
nary ray.

6.3. Gravity waves

To give further insight into the properties of extraordinary
waves, we consider the special case of gravity waves. To ne-
glect acoustic waves, we neglect the ω2

i /C
2 term in (5). Ne-

glecting that term, we substitute (3) into (5) and rearrange terms
to give a quartic equation to determine k when given the wave
frequency ω and the wave-normal direction. This gives

α2(Ck)4 − 2αω(Ck)3

−
[(

k2
⊥/k

2
)

N2 − ω2 − α2ω2
a

]
(Ck)2

−2αωω2
aCk + ω2ω2

a = 0 . (20)

We can factor (20) to first order in α to give{
Ck − ωωa√

N2k2
⊥/k2−ω2

+
αω2

aωN2k2
⊥/k

2

(N2k2
⊥/k2−ω2)2

}
×{

Ck + ωωa√
N2k2

⊥/k2−ω2
+

αω2
aωN2k2

⊥/k
2

(N2k2
⊥/k2−ω2)2

}
×

{αCk − ω − Nk⊥/k} × {αCk − ω + Nk⊥/k} =

α2(Ck)4 − 2αω(Ck)3 −
[(

k2
⊥/k

2
)

N2 − ω2
]

(Ck)2

−2αωω2
aCk + ω2ω2

a + α2 terms + α3 terms = 0 . (21)

For upwind propagation, the four factors in (21) are respectively
the ordinary wave, the extraneous4 ordinary wave solution, the
small extraordinary wave, and the extraneous large extraordi-
nary wave solution. For downwind propagation, the four fac-
tors in (21) are respectively the ordinary wave, the extraneous
ordinary wave solution, the large extraordinary wave, and the
small extraordinary wave.

7. Dispersion-relation diagrams

7.1. Without wind

A graphical representation of a dispersion relation is given
by a dispersion-relation diagram. Figure 8 shows a dispersion-
relation diagram without wind. It is a plot of vertical wavenum-
ber on the vertical axis versus horizontal wavenumber on the
horizontal axis for a constant frequency. Usually, in calculating
a ray path, we choose the source location, the wave frequency,
and the wave-normal direction to launch a ray. A straight line
from the origin to the dispersion-relation curve gives an allowed
wave-normal vector, in which the length of the line gives the
wavenumber (k = 2π/λ, where λ is the wavelength), and the
direction gives the normal to a wave front (Hines, 1960, Figure

4An extraneous solution of the quartic is one in which the magnitude of k is
negative. An extraneous solution is not physical.



August 6, 2018, 2:35pm Jones and Bedard, JASTP p. 10

Figure 8: Dispersion relation diagram without wind, f = 0.00125 Hz, C = 0.3
km/s, N = 0.01 s−1, and kA = 0.0267 km−1. The slope of the asymptotes is
determined by the ratio of N to ω. The intersection of the dispersion-relation
curve with the horizontal axis is determined by kA. As can be seen, propagation
is confined to wave-normal directions that are confined within a fan of angles
that surround horizontal propagation. That fan of rays correspond to wave-
normal directions that are less than cos−1 ωi/N from the horizontal, for which
propagation is possible. Similar gravity-wave dispersion-relation diagrams can
be seen for other frequencies in Hines (1960, Figure 9).

10). The ray direction (which gives the direction of propaga-
tion of a pulse or wave packet) is normal to the dispersion re-
lation curve at that point where the wave-normal vector meets
the dispersion-relation curve (Hines, 1960, Figure 10).

If the angle of the wave-normal direction with the horizon-
tal axis is too large, there will be no intersection with the
dispersion-relation curve, indicating that propagation is impos-
sible in that direction (that is, the wave is evanescent in that
direction). Rays whose wave-normal direction is asymptotic to
the dispersion-relation diagram in figure 8 are called asymptotic
waves. For asymptotic waves, once the frequency is chosen,
there is only one wave-normal direction possible and only one
ray direction possible. However, as can be seen from figure 8,
for non-asymptotic waves there are other wave-normal direc-
tions possible, including exactly horizontal propagation. The
rays for which transmission is possible correspond to wave-
normal directions that are less than cos−1 ωi/N from the hori-
zontal.

One example of the simulation of non-asymptotic gravity
waves is from the work of Ding et al. (2003). They launched
waves with a single period of 30 minutes, changing phase ve-
locities in presenting a fan of launch angles. In the following
sections we will explore the implications of winds on atmo-
spheric gravity waves.

7.2. Including wind

Including wind in the dispersion relation for gravity waves
has a profound effect. To see that, we look at the dispersion-
relation diagram with wind shown in figure 9. Downwind is to
the right. The effect of wind is to bring in parts of the diagram
on the left and right from infinity. These parts brought in from
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Figure 9: Dispersion relation diagram showing the small extraordinary ray and
the large extraordinary ray with 1 m/s wind blowing to the right. Otherwise,
conditions as in figure 8. Whereas propagation upwind (to the left) is still
restricted to a fan of wave-normal directions centered about horizontal prop-
agation as in figure 8 when there was no wind, wave propagation downwind
has no restriction on wave-normal direction. There is a critical level (where the
intrinsic frequency equals zero) between the small extraordinary ray and the
large extraordinary ray as the wavenumber approaches ±∞ at the top and bot-
tom of the figure. The dispersion relation diagram for the large extraordinary
ray crosses the horizontal axis where the intrinsic frequency is the negative of
the Brunt-Väisälä frequency. Figure 10 shows the detail near the origin.

infinity by the presence of wind, we refer to as extraordinary
waves, in analogy with electromagnetic wave propagation in
the ionosphere (e.g. Budden, 1961; Ratcliffe, 1962). The sep-
arate branch on the downwind (right) side of the diagram, we
refer to as the “large5 extraordinary wave.” The other parts of
the curve (except the part near the origin), we refer to as the
“small6 extraordinary wave.” The curves continue to infinity at
the top and bottom of the figure. Whereas propagation upwind
(to the left) is still restricted to a fan of wave-normal directions
centered about horizontal propagation as in figure 8 when there
was no wind, wave propagation downwind has no restriction on
wave-normal direction.

An expansion of figure 9 near the origin is shown in figure
10. Propagation upwind (to the left) is restricted to a fan of
wave-normal directions centered about horizontal propagation
as in figure 8 when there was no wind, but ray direction (which
is perpendicular to the dispersion-relation curve) can be in any
direction for upwind propagation (but some of those ray direc-
tions correspond to an ordinary ray). An expansion of figure 10
near the origin is shown in figure 11, which shows the disper-
sion relation diagram for the ordinary ray with wind. It is simi-
lar to the dispersion relation diagram without wind, but shifted
slightly to the right.

For downwind propagation (propagation to the right in figure
10) of the small extraordinary wave at an angle θ from the hor-
izontal, the magnitude of k in figure 10 is given approximately

5because these waves have such large wavenumbers
6because these waves have smaller wavenumbers than large extraordinary

waves, even though they usually have larger wavenumbers than ordinary waves
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Figure 10: Dispersion relation diagram showing the small extraordinary ray.
Conditions are the same as in figure 9. Propagation upwind (to the left) is
restricted to a fan of wave-normal directions centered about horizontal prop-
agation as in figure 8 when there was no wind, but ray direction (which is
perpendicular to the dispersion-relation curve) can be in any direction for up-
wind propagation (but some of those ray directions correspond to an ordinary
ray). There aro no critical levels (where the intrinsic frequency equals zero)
in this figure. The dispersion relation diagram for the small extraordinary ray
crosses the horizontal axis (on the far left) where the intrinsic frequency equals
the Brunt-Väisälä frequency. Figure 11 shows the detail near the origin.

by taking the lower sign in (18). For upwind propagation (prop-
agation to the left in figure 10) of the small extraordinary wave,
the magnitude of k in figure 10 is given approximately by taking
the upper sign in (19). For downwind propagation (propagation
to the right in figure 9), the magnitude of k for the large ex-
traordinary ray in figure 9 is given approximately by taking the
upper sign in (18).

As can be seen from figures 9, 10, and 11, a straight line
from the origin has the possibility of intersecting the dispersion-
relation curve in four places. Thus, choosing the frequency and
direction of propagation is not sufficient to determine the wave.
It may be necessary to choose the type of wave desired.

For example, choosing a wave-normal direction that is nearly
horizontal will give four intersections with the dispersion-
relation curve. Two downwind (to the right), and two upwind
(to the left). These four intersections correspond to the solu-
tions of the quartic equation (11). The intersections near the ori-
gin give waves that are similar to the no-wind case (one upwind
and one downwind), which we refer to as “ordinary waves,” in
analogy with electromagnetic wave propagation. The other in-
tersection in the downwind direction, we refer to as the “large
extraordinary wave,” and the other intersection in the upwind
direction, we refer to as the “small extraordinary wave.”

As we make the wave-normal direction more vertical, we
eventually reach a situation in the upwind direction in which
the wave-normal vector is tangent to the dispersion-relation
curve. At that point, the upwind ordinary and extraordinary
waves have the same wavenumber, and the resulting ambiguity
means that as the wave propagates, what was an ordinary wave
may become an extraordinary wave or vise versa. Making the

Figure 11: Dispersion relation diagram for the ordinary ray. Conditions are the
same as in figure 9. Although this dispersion relation diagram is similar to the
no-wind dispersion relation diagram in Figure 8, it differs greatly far outside the
plotting area. There aro no critical levels (where the intrinsic frequency equals
zero) in this figure.

wave-normal direction even more vertical will give no intersec-
tion with the dispersion-relation curve in the upwind direction,
so that all such waves launched in the upwind direction will
be evanescent. In that case, the quartic equation (11) will have
only two real roots plus a complex pair.

The slope of the asymptotes in figures 8, 10, and 11 is√
N2/ω2 − 1. If θ is the angle of the wave-normal direction

to the horizontal, then we have cos θ = ω/N. When there is
no wind, Figure 8 shows that gravity waves will propagate if
the wave normal direction is such that the angle relative to hor-
izontal is less than cos−1 (ω/N). For ordinary waves, figure 11
shows that the same is approximately true for ordinary waves.
Figure 10 shows that for upwind propagation, propagation of
the small extraordinary wave is also possible if the angle of the
wave normal with the horizontal is less than cos−1 (ω/N). For
downwind propagation, figure 10 shows that propagation of the
small extraordinary wave is possible if the angle of the wave
normal with the horizontal is larger than cos−1 (ω/N). Figure 9
shows that propagation of the large extraordinary wave is possi-
ble only for downwind propagation, and shows that exactly ver-
tical propagation (wave-normal direction) of the large extraor-
dinary wave (or any gravity wave) is not possible. However,
exactly vertical propagation of the ray direction for the small
extraordinary wave is possible as can be seen in figure 10.

8. Ray paths with wind

Including wind alters the gravity-wave ray paths. We demon-
strate this using a wind model in which a wind blowing toward
the East starts at zero on the ground and increases linearly to 5
m/s at 500 km. As with the no-wind case in figure 7, the source
is at a height of 5 km, and the elevation angle of transmission is
stepped from 10◦ to 90◦ in steps of 5◦. Although such a simple
wind model is not a realistic wind profile, it is useful here to
illustrate the effect of wind on ray paths.
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Figure 12: Ordinary ray, downwind, f= 0.00125 Hz (wind starts at zero on the
ground and increases linearly to 5 m/s at 500 km). The source is at a height of
5 km. The elevation angle of transmission is stepped from 10◦ degrees to 90◦

in steps of 5◦, but waves for elevation angles of transmission of 55◦ and higher
are evanescent. Otherwise, conditions as in figure 7. The 10◦ elevation-angle
ray reaches an apogee of 486 km at a range of 689 km in 3 hours. The 50◦

elevation-angle ray reaches an apogee of 709 km at a range of 724 km in 10
hours.

The ray paths for transmission downwind and upwind of the
“ordinary ray” are shown in figures 12 and 13, respectively. Al-
though these ray paths are similar to the no-wind case in figure
7, the waves are blown downwind, and the reflection heights
differ from the no-wind case in figure 7.

Figures 14 and 15 show downwind and upwind ray paths re-
spectively for the “small extraordinary ray.” As can be seen,
these rays differ greatly from those of the no-wind case in fig-
ure 7, and the ordinary waves in figures 12 and 13.

Ray paths for the “large extraordinary ray” are not shown
because they were not interesting as they stayed within a few
kilometers of the ground for these conditions in which the wind
speed near the ground was so small. For the large extraordinary
rays, only rays launched downwind are not evanescent at the
source. As can be seen from figure 9, large extraordinary rays
exist only in the downwind direction.

9. Comparison with other calculations

Comparison with other work is useful to add confidence to
the present analysis and to give further insight into the propa-
gation of gravity waves.

Figures 16 and 17 (Georges, 1971, Figure 4, page 40) show
examples of downwind and upwind propagation, respectively.
All of these examples are for a wavelength of 10 km, and vari-
ous frequencies and elevation angles of transmission. It is clear
from comparing figures 16 and 17 with figures 12, 13, 14, and
15, that the rays in figures 16 and 17 are for “small extraordi-
nary rays,” not “ordinary rays.”

Because wavelength at the source was specified in figures
16 and 17, rather than frequency, each ray path in those two

Figure 13: Ordinary ray, upwind, f= 0.00125 Hz. The source is at a height of
5 km. The elevation angle of transmission is stepped from 10◦ degrees to 90◦

in steps of 5◦, but waves for elevation angles of transmission of 55◦ and higher
are evanescent. Otherwise, conditions as in figure 12. The 10◦ elevation-angle
ray reaches an apogee of 353 km at a range of 589 km in 2 hours. The 50◦

elevation-angle ray reaches an apogee of 318 km at a range of 422 km in 3.6
hours.

Figure 14: Small extraordinary ray, downwind, f= 0.00125 Hz. Elevation angle
of transmission varies from 50◦ through 85◦ in steps of 5◦. Rays for eleva-
tion angles of transmission of 10◦ through 45◦ and 90◦ were evanescent at the
source. The 50◦ elevation angle of transmission had rays that got the highest
and had a pulse travel time of 88 hours. The 55◦ elevation angle of transmission
had a pulse travel time of 233 hours. The source height is 1 km. Otherwise,
conditions as in figure 12.

Figure 15: Small extraordinary ray, upwind, f= 0.00125 Hz. Elevation angle
of transmission varies from 10◦ through 45◦ in steps of 5◦. Rays for elevation
angles of 50◦ through 90◦ were evanescent at the source. Rays for 45◦ elevation
angles reached the highest and had a pulse travel time of 62 hours to the apogee
and a total of 122 hours from the source back down to the first ground reflection.
Rays for 40◦ elevation angles reached a height of 5.4 km with a pulse travel time
of 50 hours and a total of 93 hours from the source back down to the first ground
reflection. Otherwise, conditions as in figure 14.
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figures for the various elevation angles of transmission has a
different frequency. Because those frequencies were not given
in the publication (Georges, 1971), we had to experiment by
varying frequency until we got a wavelength of 10 km in each
of our comparisons. To simplify the comparisons, we decided
to make ray path calculations for only the 60◦ elevation angle
of transmission.

Although the source was on the ground in the ray path cal-
culations in figures 16 and 17, we chose to move the source
slightly off the ground to a height of 0.5 km for our comparisons
because the wind speed is zero on the ground for this model,
and the “small extraordinary” rays would not exist there when
specifying frequency rather than specifying wavenumber.

Figures 18 and 19 show the comparison ray paths we calcu-
lated for an elevation angle of transmission of plus and minus
60◦, for both downwind and upwind propagation.

Figure 18 is for transmitting a small extraordinary ray down-
wind. The roots of the quartic equation at the source are
Ck = 250 sec−1 (large extraordinary wave), 0.19 sec−1 (small
extraordinary wave), and -0.36 ± 0.79 i sec−1 (evanescent ordi-
nary and small extraordinary waves), where C is the local speed
of sound. The calculation is for the small extraordinary wave,
and the frequency was adjusted to give a wavelength of about
10 km.

The ray in the upwind case in figure 19 starts as an “ordi-
nary ray,” but becomes a “small extraordinary ray” at a height
of about 3.5 km. The roots of the quartic equation at the source
are Ck = 0.88 sec−1 (small extraordinary wave), 0.19 sec−1 (or-
dinary wave), -0.015 sec−1 (extraneous7 ordinary wave), and
-250 sec−1 (extraneous large extraordinary wave). The calcula-
tion is for transmitting an ordinary wave.

However, something interesting happens to the ray at a height
of 3.6975 km. At that height, the roots of the quartic are
Ck = 0.19 sec−1 (small extraordinary wave), 0.19 sec−1 (or-
dinary wave), -0.095 sec−1 (extraneous ordinary wave), and -33
sec−1 (extraneous large extraordinary wave). At that height, the
wavenumbers for the ordinary wave and the small extraordinary
wave are equal, and the ray tracing program has started to cal-
culate the ray for the small extraordinary wave from this height
upward.

At a height of 10 km, the roots of the quartic are
Ck = 0.19 sec−1 (small extraordinary wave), 0.10 sec−1 (or-
dinary wave), −0.065 sec−1 (extraneous ordinary wave), and
−12 sec−1 (extraneous large extraordinary wave), and the ray
tracing program is integrating a ray for which Ck = 0.19 sec−1.
The ray tracing program uses the quartic only when beginning a
ray path calculation for initializing the wavenumber. After that,
it uses the roots of the quartic only for comparison to identify
what ray is being calculated.

So, the ray path shown in figure 19 is mostly a small ex-
traordinary wave that began as an ordinary wave. However, ray
identification is difficult when two kinds of rays have nearly
equal wavelengths.

7An extraneous wave corresponds to a negative value for the magnitude of
the wavenumber.

Figure 16: Ray paths for internal gravity waves, all with a total wavelength of
10 km, as the initial direction of phase propagation (labeled on the curves) is
varied. The atmosphere is isothermal and wind increases linearly with height
by 0.1 m/s/km, blowing to the right. The scale is 100 km/div. The vertical scale
is the same as the horizontal scale. (Georges, 1971, Figure 4, page 40)

Figure 17: Ray paths for internal gravity waves, all with a total wavelength of
10 km, as the initial direction of phase propagation (labeled on the curves) is
varied. The atmosphere is isothermal and wind increases linearly with height by
0.1 m/s/km, blowing to the left. Otherwise, conditions as in figure 16. The scale
is 100 km/div. The vertical scale is the same as the horizontal scale. (Georges,
1971, Figure 4, page 40) A similar ray path plot can also be seen as figure 63-3
on page 326 in Gossard and Hooke (1975).

The downwind case (figure 18) agrees reasonably well with
figure 16, but the upwind case (figure 19) agrees only qualita-
tively with figure 17. The disagreement might be because the
source in figures 16 and 17 was on the ground (where there
was no wind), whereas we put the source at a height of 0.5 km,
where it was possible to have an extraordinary wave because
there is wind at that height.

Here is the explanation of the upwind ray paths for the small
extraordinary wave in figure 19 in terms of the dispersion-
relation diagram in figure 10. Figure 20 will help that expla-
nation. The curve represents the dispersion-relation diagram
for the upwind small extraordinary wave. As the wind speed
increases, the dispersion-relation diagram contracts, and as the
wind speed decreases, it expands. The source height is 0.5 km.
The ray begins as an ordinary ray, but very quickly becomes
a small extraordinary ray. Near the ground, the wind speed
is very small, so the dispersion relation for the small extraor-
dinary wave in figure 10 is expanded out to the left very far.
in that case, there is very little difference between the small
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Figure 18: Ray paths for internal gravity waves, small extraordinary ray, down-
wind. f = 0.00163946 Hz, λ = 10.0021 km at the source, elevation angle of
transmission is ±60◦, source height is 0.5 km. The atmosphere is isothermal
and wind increases linearly with height by 0.1 m/s/km. Otherwise, conditions
as in figure 16. The pulse travel time is about 4.7 hours.

Figure 19: Ray paths for internal gravity waves, upwind. Small extraordinary
wave that began as an ordinary wave. f = 0.00163446 Hz, λ = 9.8 km at the
source. Wind is blowing to the left. The atmosphere is isothermal and wind
increases linearly with height by 0.1 m/s/km. Otherwise, conditions as in figure
18. The pulse travel time is about 6 hours from the source to the apogee. The
total pulse travel time from the source back down to the first ground reflection
is about 10 hours.

Figure 20: Dispersion-relation diagram (similar to that in figure 10) to help
explain upwind propagation of the small extraordinary wave. (Color online)

extraordinary wave and the ordinary wave. We start with the
wave-normal direction to be - 60 degrees in the upwind direc-
tion. This give a ray direction that is up and also in the upwind
direction. This corresponds to the “Starting Point” in figure 20.

As the ray moves up, the wind speed increases, and the loop
in figure 10 for the upwind dispersion-relation diagram in fig-
ure 10 gets smaller. As the small extraordinary wave prop-
agates, the horizontal component of the wave vector k stays
constant because the medium varies only in the vertical direc-
tion. To keep the horizontal component of k constant while the
dispersion-relation diagram gets smaller, the wave-normal di-
rection must change to be more horizontal. Since the wave nor-
mal is pointing downward, it will be pointing less downward.
At a certain point, the wave-normal direction will intersect the
dispersion-relation diagram at a point where the dispersion re-
lation diagram is horizontal. At that point, the ray direction will
be pointing exactly up because the ray direction is perpendic-
ular to the dispersion-relation curve. This corresponds to the
lower “Inflection Point” in figure 20.

As the ray continues upward, the dispersion-relation diagram
continues to contract as the wind speed increases, and the wave-
normal direction continues to be more horizontal to keep the
horizontal component of k constant. At that point, the ray di-
rection is still upward, but the horizontal component of the ray
direction is now downwind even though the horizontal compo-
nent of the wave-normal direction is still upwind. This corre-
sponds to the lower “Downstream Direction” in figure 20.

As the ray continues upward, the wind speed continues to
increase, and the dispersion relation diagram continues to con-
tract. Eventually, the wave-normal direction becomes horizon-
tal (still in the upwind direction), and the ray direction also be-
comes horizontal, but in the downwind direction. At that point,
the ray is at the apogee, and will begin to come back down. This
corresponds to the “Apogee” in figure 20.

As the ray starts down, the wind speed decreases, the
dispersion-relation diagram expands, and the wave-normal di-
rection moves upward to keep the horizontal component of k
constant. This corresponds to the upper “Downstream Direc-
tion” in figure 20.

As the ray continues downward, the wind speed continues to
decrease, the dispersion relation diagram continues to expand,
and the angle of the wave normal with the horizontal contin-
ues to increase, we eventually reach a point where the k vector
intersects the dispersion-relation diagram at a point where the
dispersion relation diagram is horizontal. At that point, the ray
direction is exactly down. This corresponds to the upper “In-
flection Point” in figure 20.

As the ray continues downward, the wind speed continues to
decrease, the dispersion-relation diagram continues to expand,
and the angle of the wave normal with the horizontal continues
to increase, the ray direction will again be pointing upwind and
downward. This corresponds to the “Near Surface Reflection
Point” in figure 20.

Eventually, the ray gets back to the starting height, then con-
tinues downward, where it reflects from the ground, and repeats
the cycle. This explains the loops in figure 19. The same expla-
nation applies to the ray paths in figure 15 as well, except that
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the ray paths in figure 15 are small extraordinary rays through-
out, with no coupling from an ordinary ray.

The behavior of the rays for downwind propagation of
the small extraordinary ray in figures 14 and 18 can be ex-
plained similarly in terms of contracting and expanding of the
dispersion-relation diagram as the ray moves up or down and
the wind speed increases or decreases.

10. Properties of various Gravity Wave Types

The purpose of this section is to summarize the characteris-
tics of various gravity wave types. We envision that in some
cases wave properties can overlap making wave types difficult
to distinguish. In other situations, the wave types can be clear
(e.g. the generation of asymptotic waves at defined frequencies
Hines, 1967).

10.1. Asymptotic Gravity Waves
At a given frequency there is only one propagation direction

possible.
At a given frequency a larger range of wavelengths can oc-

cur. These will usually be at shorter wavelengths, especially at
higher frequencies.

Lower frequencies will produce lower ray elevation propaga-
tion angles relative to the surface.

This approximation has been verified to apply in a variety of
situations from laboratory modeling to gravity waves generated
by convective processes.

10.2. Non-Asymptotic Gravity Waves
At a given frequency there is a fan of propagation directions

possible with the largest angle defined by the asymptotic ap-
proximation direction.

For a given frequency a limited range of wavelengths can
occur. These will usually be at longer wavelengths, close to the
nose of the dispersion diagram.

These will usually occur at lower frequencies (e.g. 6
minute period for asymptotic versus 13 minute period for non-
asymptotic).

10.3. Ordinary Gravity Waves with Winds
The dispersion relation is similar to the dispersion relation

for gravity waves without wind.

10.4. Small Extraordinary Gravity Waves
Propagation in the upwind direction is restricted to a fan of

wave-normal directions similar to the no-wind situation. Al-
though ray propagation can be in any direction when the wave-
normal direction is upwind, some of those ray directions corre-
spond to ordinary waves.

For upwind propagation, propagation of small extraordinary
waves is possible if the angle of the wave normal is less than
cos−1 ω/N.

For downwind propagation of the small extraordinary grav-
ity wave is possible if the angle of the wave normal with the
horizontal is larger than cos−1 ω/N.

For small extraordinary waves there can be large differences
between upwind and downwind propagation in contrast to or-
dinary gravity waves (e.g. Figures 14 and 15 for small ex-
traordinary waves relative to Figures 12 and 13 for ordinary
gravity waves). The findings of Wang et al. (2017) of gravity
waves propagating only in the upstream direction could have
been small extraordinary waves.

10.5. Large Extraordinary Gravity Waves
The only restrictions on the wave-normal direction for the

large extraordinary waves are that propagation is possible only
in the downwind direction and exactly vertical propagation of
the large extraordinary gravity wave is not possible. Large ex-
traordinary waves tend to travel at low speeds and be controlled
by the wind environment.

If there are significant flows at the initiation point (e.g. a
density current moving at 20 m/s), a large extraordinary gravity
wave can be embedded in such features and potentially produce
significant effects. In such cases the dispersion curve for large
extraordinary rays moves closer to the origin. The wave-like
disturbances documented by Fulton et al. (1990) moving with
an outflow system could have been large extraordinary waves.

11. Examples of possible meteorological application areas
of a gravity wave ray trace program

The downdrafts from severe weather produce density cur-
rents. These density currents can in turn produce a variety of
wave disturbances. Researchers have documented with case
studies numbers of situations where atmospheric gravity waves
occurred in conjunction with or resulting from density currents.
Examples of case studies include the work of Knupp (2006)
who performed an observational analysis of a gust front to bora
to solitary wave transition within an evolving nocturnal bound-
ary layer. Doviak and Ge (1984) studied an atmospheric soli-
tary wave observed with a Doppler radar, a tall tower, and a
surface network. Zhang and Fritsch (1988) documented rela-
tionships between Internal gravity waves and a squall line. Ful-
ton et al. (1990) analyzed the Initiation of a solitary wave family
in the demise of a nocturnal thunderstorm density current, also
showing an example of the waves embedded within the current.
Haase and Smith (1984): detail a case study of morning glory
wave clouds in Oklahoma.

These observations typically involved extensive observa-
tional systems (e.g surface networks, soundings, Doppler
radars, Doppler lidars, towers or aircraft). Historically, only
very limited numbers of cases were observed in sufficient detail
to enable modelling.

We suggest that one valuable application of a gravity wave
ray tracing program would be to perform sensitivity studies, for
example, varying the height and strength of ground based in-
versions relative to atmospheric gravity wave propagation char-
acteristics. It will be interesting to determine situations where
rays leak out of waveguides to the upper atmosphere resulting
in gravity wave dissipation.

Atmospheric gravity waves can have important roles in initi-
ating convection, as well as being initiated by convection. Such
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meteorological processes could be used to examine possible
roles of ordinary and extraordinary gravity waves. If a phys-
ical process generates gravity waves, the type of wave created
can determine whether or not the possibility of new convection
is likely. For example, a downdraft impacting a quiescent en-
vironment can only create an ordinary gravity wave. If there is
a ground based regional inversion present, energy can be trans-
ferred horizontally with minimal loss to the upper atmosphere.

If in contrast, downdrafts descend into existing outflows from
previous storms other types of gravity wave initiation are pos-
sible. It will be valuable to explore a variety of such situations.

12. Concluding remarks

We have shown that although gravity wave ray tracing has
been widely applied, there are some interesting features that
add a certain complexity, interest, and difficulty. Choosing the
frequency and launch angle (of the wave-normal direction) in
the presence of wind gives a quartic equation to determine the
wavenumber. This means that in addition to specifying the
usual parameters of source location, frequency, and transmis-
sion direction, it is necessary to specify what kind of ray one
wants (ordinary, small extraordinary, or large extraordinary).
Notice that this is analogous to specifying ordinary or extraor-
dinary waves for radio waves in the ionosphere (e.g. Budden,
1961; Ratcliffe, 1962) or characteristic polarization for light
waves in birefringent crystals.

The distinction between ordinary and extraordinary gravity
waves has apparently not previously been noticed, in spite of
the fact that all of the example gravity-wave ray paths presented
by Georges (1971) were extraordinary rays.

Although “geometrical phase” (also called “Berry phase” or
“additional memory”) (Berry, 1990; Budden and Smith, 1976;
Smith, 1975; Weinberg, 1962) can have a noticeable effect on
the WKB approximation, including “geometrical phase” does
not change the dispersion relation or the ray paths (Weinberg,
1962, Section IV).8

The acoustic-cutoff frequency profile and the Brunt-Väisälä
frequency profile that result from a given temperature profile
can cause interesting ducting of acoustic waves and gravity
waves. A wave of a given frequency may be an acoustic wave
at some heights but be a gravity wave at some other height.

In the future, we plan to apply the CIRES/NOAA atmo-
spheric gravity wave ray tracing program to meteorological
cases where detailed observations are available, such as those
in Antarctica (e.g. Chen et al., 2013, 2016; Zhao et al., 2017),
or interesting processes have been identified (e.g. leakage of
gravity wave energy from ducts formed by ground-based stable
layers).

We hope that the gravity wave properties developed and re-
viewed here will be useful to researchers interpreting observa-
tions and analytical results.

8Notice that (Weinberg, 1962, eq. 136) is the three-dimensional analog of
(Budden and Smith, 1976, eq. 6).
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tions en séries dont les divers termes sont assujettis à satisfaire à une même
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